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1 Variational Autoencoder (VAE)

In Kingma and Welling [3], the authors divide the model into an encoder-decoder structure. Given a data
point x, the encoder estimates the distribution ¢4(z|x) over the latent variable z, while the decoder esti-
mates the distribution over x given the latent variable z. ¢ and 6 are the parameters of the encoder and
decoder, respectively.

Both the encoder and the decoder are parametrized by Multilayer Perceptrons (MLP), with a hidden
dimension of 500. ReLU is used as activation, except for the last mapping from hidden state to reconstruction,
where the sigmoid function is used to get pixel intensities in [0, 1].

VAEs are trained by maximizing the log probability, log p(x):

log p(x) = log p(x) / 4(z| X)dz

_ p(X,z) qy(z|X)
= Baal [1 g< (2]%) %<z|x>ﬂ ()
=Bzl [10% qZ;(( ‘)2)] + Drr(q¢(z|x) [| p(z | x))

The first term is called evidence lower bound (ELBO). Since the second term (usually referred to as Kullback-
Leibler divergence, or relative entropy) is always nonnegative, maximizing the ELBO improves the lower

bound of log p(x). Further decomposing ELBO by conditional probability, we have:

MW)W(Z)] = —Dxr(45(2 %) || o(2)) + By a1 loBpo(x|2)]  (2)

ELBO = Eq¢(z |x) |:10g Q¢(Z ‘ X)



When modeling the latent distribution, we assume that it is Gaussian with diagonal covariance matrix, so
we denote the estimated mean and main diagonal as u(x; ¢) and 02 (x; ¢) given a data point x. By assuming
that z encoded by ¢4(-| x) should follow a standard J-dimensional multivariate Gaussian distribution, the
KL-divergence term could be calculated analytically:

J
— Dicr(as(z]%) 1po(2) = = 37 (1 +10g 02(x; 6) — 12(x; 8) + 02(%; 6)) (13)
=1

2
J
and the other term from ELBO could be estimated via Monte Carlo. The authors of the original paper claim

that a sample size of 1 is sufficient [3].

2 Diffusion Models

2.1 Denoising Diffusion Probabilistic Models (DDPMs)

Similar to VAEs, the diffusion model also consists of two processes - we refer to them as the forward process
and the reverse process. The main differences are that the number of layers, T, is larger, and each latent
variable has the same dimension as the input data x.

In the forward process (denoted by ¢), we corrupt the input x € R (we suppose that it is an image) with
noise via a noise-level schedule {3;}_,, where 0 < 3; < ... < Br < 1. Each transition is both Gaussian and
Markovian: let oy = 1 — ;. Then x; ~ N (y/a;X;—1, (1 — a;)I). The goal of the forward process is to make
X7 into unrecognizable noise, e.g., standard multivariate Gaussian.

In the reverse process (denoted by py), we use a deep learning model parametrized by 6 that reconstructs

the original input by learning to estimate noise levels at each transition.

The joint distribution of the states x(, X1, . .., Xy during the forward and reverse process are
T T
q(x0,X1,...x7) = q(x0) [ [ax¢[%e-1),  po(x0,X1, ..., X H (X¢—1]%¢) (2.1)
t=1 =1
respectively. Note that by Bayes rule, we have
9%, |X;_1) = g(X¢|X;_1,%o) by Markov property
X1 | X, X0)q(Xe | X (2.2)
= a(Xs-1 | X, X0)4(X¢ | Xo) by Bayes rule
q(X¢—1]Xo)
The optimizing objective is, again, to maximize the expectation of log density log py (%) over ¢(xo, X1, . . ., X7),



and this objective can be decomposed as follows:

pe(Xo,Xl, e ,XT)Q(Xh v 7XT‘XO)
0g pe(Xo) Og/ q(X1,..., X7 |X0) * .

Po(X0,X1,...,XT)
=logE
0og q(X1,....XT | X0) |: Q(Xl, X7 |X0) :|
[ Do X07X17"'7XT) ,
> Eqxy,....xz | x0) Q(;h — 7XT o) } by Jensen’s Inequality
[ Do Xt 1 \Xt
= Eyxi,...xr %) |108 < X1 H (0 %) )] use Eq.2.1

I P(X7)po(Xo |X1) 17 Po(Xe-1 ’Xt
—E 1
q(X1,-.. X7 | X0) _ 08 ( q(x1]Xo) H q(X¢ [ X¢-1)

I (2.3)
_ Eq(xl,-~7xT|X0) log (p(XT)P o(Xo | X1) Hpe X1 | Xt)q(X¢—1 \Xo))] use Eq.2.2

(%¢—1 \Xt,Xo) (x¢ | x0)

q(X1,....XT | X0)

q(x%+1X0) q(X7 | X0) -5 a(Xe—1 [ X4, X0)
p(xr) ]

= Eyx,,....xp | x0) 108 Po (X0 | X1)] + Egx, ... x| x0) [10% (X7 | X0)
Co

T—1
Po(Xe | Xi11) ]
R log PO IZte1)_
;1: Q(Xla---7XT|X0)|: gq(xt\XtH,Xo)

Ct

_1Og (p(XT)p o(Xo | X1) g tX0) T po(Xi1|Xy) )]

Cr

In Eq.2.3, we have three terms for further decomposition:

e Term Cjy:

CU = I['3q(x1,...,x;p | %0) [IOgPB(XO |X1)]

- / a(x1 | x0) 10g pp (%o | X1)d X,

= Eq(x, | x0) 108 po (X0 [ X1)]

e Term Cr:

p(xr) ]

Cr = ]Eq(Xl,...,XT [%o0) [log q(x7 | Xo)

p(XT)
= log ——2—dx;---d
/Q(Xh , X7 |X0) log g(X7 | Xo) X1 X7

:/q(xTxo)log(mcle

= —Dgr(q(xr | X0)||p(x7))



« Terms C; fort=1,...,T — 1:

po (Xt | Xt11) ]

C,=E I
t q(X1,...X7 | X0) [ 08 q(X¢ [ X¢41,X0)

Po(X¢ [ Xp41)
= X1,...,X7|Xg)log ————=—dxq---dXx
/Q( ! 7| %o0) gQ(Xt’Xt—HaXO) ' g

Po (Xt ’ Xt+1)

dx;dx 1
(Xt‘xt—O—laXO) LR

/ o(xXs, Kot | Xo0) log

/ q(X¢11 | X0) { / q(x¢ | X¢41,X0) log det dx;y1 by conditional probability
Q(Xt \Xt+17X0)

- / (%11 1 %0) (D (a3 | X1, %0) |16 (X | X151)))d X141

= —Eyxe 1 |x0) [PrL(q(Xt | Xt 41, X0)||po (X [ X1 41))]

Thus, the variational lower bound reads:

T-1

Lvie = Eqx, | x0) 108 Po (X0 | X1)] =D (X7 | X0) Ip(X7)) =D By 1x0) [PrL((Xe | X1, X0) ||po (Xt | Xe11))]
t=1
(2.4)

The above derivation is similar to those derived in other literature [2, 6, 4], and the three terms are some-
times interpreted as the reconstruction term, prior matching term, and consistency terms [4]. The consis-
tency terms aims to match the corresponding steps in the forward process and the reverse process.

Now, we investigate the distributions ¢(x; | X) and posteriors ¢(x; | X;+1, Xo) for appropriate choices of ¢.
Given xg and ¢, we apply the forward process outlined by x; ~ N (y/a; X1, (1 — oy )I). By the reparametriza-

tion trick ! , we can sample an independent noise term ; ~ A/(0,I) and write
Xt = Xp—1 V1 — ey
Recursively doing this:

X, = Vo xe—1 V1 — ey
= Var (Va1 Xe—2 +/1 — ar—1€1-1) + V1 — avey
= /a1 X2 +\/m(177m71‘)€/71 + V1 — avey
= /a1 X2 +m52 by combining two independent noise (terms in cyan), €, ~ N (0,1)

t t
= HO[SX()+ I—Hatét
s=1 s=1
E Y dt X0 —+/ 1-— dtét
t

by letting &, = H as. Hence, we conclude that ¢(x; | xg) ~ N (y/a: Xo, (1 — a3)I).
s=1

'Reparametrization Trick: Suppose we have € ~ N(0,1), then x z u + oe ~ N(u, o). This is also useful during training,
since gradients can go through the learned py and oy.



q(Xt+1 | Xt,X0)q(Xt | Xo)
q(X¢+1 | X0)

tion of Gaussian forward transitions and the calculation of ¢(x;; | Xo) above.

Then, by Bayes rule, we compute ¢(x; | X;+1,X¢) = relying on the Markovian assump-

q(Xe 41| Xe, X0)q(X¢ [ X0)

q(X¢ | X¢41,X0) =

q(X¢11[X0)
o exp 1 11X =@ + 1% —v/aXo|I? _ | X¢ 11—/ Qg1 X0 ||
2 I 1 — a4 1— oy 1 — g
1/ a 1 —2./aix 2@ xo\©
xexpd — = L x|+ V41 el \/? 0\ x,
2 1—C¥t+1 1—at l—Oét+1 1—0(15
= exp = S || % [|* = 2 (Vat“(l_o_‘t)xtﬂ +th(1_at+1)X0)TX
2| (=) (1 — ) ' (1 —ap1)(1 — ) '

The density of a multivariate Gaussian distribution with covariance like oI is proportional to

1
exp (~ 5alx-lF)

Y Varr1 (1 — ay) Xeq1 +/@ (1 — aus1) Xo (I —ap1)(1 — )

Y

I.

50 q(Xt | X¢+1,X0 - -
i [, %0) . i 1= i . .
Before we further derive the training objective (Eq.2.4), we have to define py. Since we know the noise
schedule, it suffices to learn the mean vectors at different ¢ if we assume the reverse process also consists
of Gaussian transitions for convenience. We can have a neural network (parametrized by #) that either
estimates the mean vector directly or estimate the noise given x; and ¢, i.e., pg(X;,t) or eo(Xy, t).
We first naively choose pg(x;11,t + 1), i.e., po(X¢ | Xp11) ~ N (ﬂg(XH_l, t+1), WI) By Ap-
pendix A,
Dircr(q(X¢ | Xev1,X0)|[po(Xe | Xt41))
1 det(Z
=— | log (%)
2 det(El)
_ I —a
2(1 — Oét+1)(1 — dt)

—d+Tr(S5'51) + (1 — p2) "S5 (- M2)> with i1, 12, X1, X9 to be plugged in.

Vi1 (1 — o) X1 Hv/a (1 — 1) Xo

1 — oy

2

H@(Xt+1,t + 1) —

(2.5)
One can also try to estimate the clean, original image x, [4] starting from (x, ¢) with a network xy(x;, t):

Vairt(1 — @) Xep1 +v/a(1 — apy1) Xo(Xep1,t + 1) (1 — apqr) (1 — dt)l>

9

Po(X¢ | Xpq1) ~ N <

1—agq I — a4

Then Eq.2.5 becomes

_ 2
Oét(]. — Oét+1)
Xp(X t+1)—x 2.6
20 — a0 — daren) o(Xe11,t +1) —Xo (2.6)
Alternatively, we can adopt ey(x;, t) [2]. We use the reparametrization trick for ¢(x; | x)
— /]_ V. e
X = Vo Xg+V1 — € <= X = Xt—% (27)
VOt
Replacing x in the posterior mean:
Vairt(l — ) X1+ (1 — apr1) Xo
1— a4
_ — —/1—a >
ZM(l — ap) Xe 1 H/ar(1 — ) ™ \/a:sttH (2.8)
1—ap

1 —app

1 -
= Xt1 — = €t+1
VOot+1 \/ (1 — at+1)at+1

5




As gg(xy,t) estimates é;, Eq.2.5 reads (by plugging in Eq.2.8):

DKL(Q(Xt ’Xt+1,X0)HP9(Xt ‘Xt-i-l))

1— gy ’ 1 —apq - 2
= — (eo(Xpy1,t+ 1) — €111)
2(1 = 1) (1 — @) || /(1 — 1)yt
. - 4 2 (2.9)
- L=am1 — - ( ,QHI) go(Xp1,t+1) — €1
2(l—erir) (1 —ay) (L=ag71) cusa
1 —apq 2

€9(Xey1,t + 1) — €1

2041 (1 — )

In Ho et al. [2], the authors assumed that the original image x( being scaled within the interval [—1, 1], and

calculated log py(xo | X1) by integrating the normal density in each of the d dimensions separately:

d 34 (x0,i)
pixo ) = [ [ Wi o 1. o
i=1 d—(X0,3)
(2.10)
o0 ifz=1 —00 ifex=-1
64 () = 6_(z) =
ac—i—% ifz <1 at—i—% ifz > —1

Note that py(x1, 1) learns to return a good estimate of x( given x; and time 1. Hence, if our network esti-

mates noise levels at different time ¢ as in Eq.2.9, then in Eq.2.10, given x, pg(x1,1) = X1 —e9(x1, 1).

d 0+ (X0,3)

logu(xa|x1) = Y"log [ Wi o 1), o
i=1 d—(Xo0,:)
IS |
~— Z r 2—2()(072» —x1,; +€9(x1,1);)>+C  for some constant C (2.11)
i1 0'1 H{—/
=—E1,4
2
= —v|leg(x1,1) — £1|| +C for some constant ~

Hence, in order to learn a “good” distribution py(x(), we have to maximize the variational lower bound in

Eq.2.4. By our calculations above, using (-, -), our training objective becomes:

T-1
max By (x, |x,) [10g po (%o [x1)] — Dxrq(xr [ %o)l[p(x1)) — D Eatxern x0) [Prer(a(Xe | Xet1,X0)||po (X | Xi11)))
t=1
2 T-1 1 o 2
~ — Q41 ~
< meaXEq(xl | X0) [_’70 E@(Xh 1) — &1 + cl| — Z Eq(Xt+1 | X0) [M EQ(Xt+1, t+ ].) — Et+1 ]
t=1
2

g9(Xs, 1) — & for some constants {;}~_,

T
<~ l’l’leil’l ; Eq(xt [%0) [’yt

= mein L,(0)
(2.12)
2.2 Denoising Diffusion Implicit Models (DDIMs)

The authors of DDIM [5] observe that in Eq.2.12, what really matters when training a DDPM model is the
marginal distribution ¢(x; | xo) ~ N (y/a: X0, (1 — @;)I), rather than the joint distribution ¢(xy, . .., X7 | Xo).



Also, in the DDPM paradigm, we hypothesize that the forward process indexed by {a;}L; € (0,1)7 is
Markovian, otherwise we cannot calculate the posterior distribution using Bayes theorem (as for DDPM)
because ¢(x; | x;—1) does not equal to ¢(x; | X;—1,Xp) in general.

The authors of DDIM used another vector {o;}]_; C [0,1)T to define a family Q of distributions that

satisfies:
T—1

Go(X1, .-, X1 | X0) = o (X7 | X0) [ ] 4o (%¢ | X141, %0) (2.13)
t=1

while ensuring ¢, (x; | Xo) ~ N (v/arXo, (1 — ay)I) fort = 1,...,T, as in DDPM. With this factorization, we
would have the same variational lower bound as in Eq.2.4.

We have two goals now. The first goal is to find the posterior mean and covariance for ¢, (x; | X;11,Xp) in
Eq.2.13 that gives the same ¢(x; | X¢) as in DDPM. The second goal is to derive a suitable training objective
in the non-Markovian scheme starting from Eq.2.4.

In the DDIM paper [5], the authors proposed the following lemma:

Lemma 2.1 (Posterior for Q). Given {a;}._, and {0;}]_,, forall ¢, € Q, if
qg(XT ‘ X()) ~ ./\/(\/ aT X, (1 — O_JT)I)
andforallt=1,...,7 — 1,

~ 2
1 —a —ojyy

Qo (Xt | X¢41,X0) ~ N | Vay X0 + (X¢41 =V Q11 X0), U§+1I

1—au
thenforallt =1,...,T, we have

o (Xt | X0) ~ N (Var Xo, (1 — a)T)

Proof. The proof is done by induction from ¢ = T to ¢t = 1. The base case is t = T, which is already given.
Suppose the statement holds for 2 < ¢t = k£ < T. We want to show that the statement also holds for ¢t = k£ —1.
Denote X = x;, | xg and Y = x;,_1 | Xg. By the definition of ¢, (x; | x;11,X0), Y| X is Gaussian. Hence, we can

use the result in Appendix B as follows:
px =Varxo, Ix=(1-apl, Zyx =oil,

_ A _ 2
1 Q1 O

A= — I
1-— a
_ 1—ap_1—o0p —
b= /ak_1X0— 17—6%\/04]4)(0
The marginal mean and covariance of Y are then given as:
py = Apx +b
1—ap 1 —oF—— _ 1— g1 —of—
— ag — g
= /ap—1Xo

Yy = EY\X +AEXAT
1_dk71_ k _
= I+4_£ I
P Ji— (A —az)

= (1 — dk_l)l



Therefore, g, (X;_1 | Xk, X0) ~ N (y/ak—_1 X0, (1 — ax_1)I), and we finished the proof. O

The introduction of ¢ into our notation gives us a wider class of models that we can consider than just
DDPMs, which features Markovian transitions. To make the transitions Markovian, we can just match the

posterior covariance in both cases, which leads to

1— 1—a 1-— 1 — @&
afHI = ( at“E( at)I = o141 = ( a”Q( at), t=1,...,T -1 (2.14)
1 — a4 I — a4

For completeness, we can define an auxiliary parameter oy = 1, so that o; = 0.
When o, = 0 for all ¢, the covariance of the posteriors ¢(x; | X;+1,Xo) becomes 0. This makes the forward
process deterministic, in the sense that when we know both x; and x;, we can solve for x;,, by solving the

condition in Lemma 2.1 (except for calculating or sampling x;):

1—a _
= Vot Xg +\/ 1 L (X¢41 —V/ Q41 X0)
Q41

In this case (where o; = 0 for all t), the model is called denoising diffusion implicit model (DDIM), and
it is trained with the DDPM objective (Eq.2.12). The forward process in this case is no longer a diffusion:
once x; is sampled from ¢, (X1 | Xo) ~ N (y/aq, (1 — a1)I), Xo, ..., X7 are solved iteratively.

As in DDPM, we are trying to match py(x; | X;+1) and ¢, (X; | X;+1,Xo). The covariance of the posterior is
constant, so we only need to estimate the mean g (x;y1,¢ + 1) for pp(x¢ | X 41),t =1,..., T — 1.

The first step is same as that for DDPM: since ¢(X;+1 | Xo) ~ (\/m X, (1 — ay+1)I), we can sample
€ry1 ~N(o,I)andletx, | = \/mxo +V1 = Q1611 = X0 = m Xt 41—/ 1gf‘jlét+1.

Plugging it into the posterior mean, we have:

1— o2
t+1
Vo Xg + —(Xt+1 —v/ Q41 Xo)
1—a
B 1—5zt—0t2+1 - O_ét+1(1—o_¢t—ot2+1)
= 1—, Xi+1 + Q¢ — 1 — X0
— Q41 — Q41

— 2 — — 2 —
Y Rl /s X¢t1+ oy Gup1(l = Gt — 0pp) ! X1 1= aen €1
- - - - — — +1 = - _
1 - 1—a VOl Qtt1

1 - 1—app1 ) &
= X1+ y/1— o — Ut2+1 — A | Et+1
Vat+1 Q41

We can use a network ey(X¢41,¢ + 1) to estimate €, and let the mean and covariance of py(x; | X;+1) be
_ 1—a
po(Xep1,t+1) = ﬁxt“ + (\/1 — Ay — Ut2+1 — \/ﬁ> €p(X¢11,t+ 1) and Ut2+11' Hence,

Q41

2 1—ay41 2
Ve — _ Y 2
\/1 at O-t+1 \/ a1 _

go(Xtt1,t + 1) — €1
Oi+1

D r(q(%¢ [ X¢11,%0)|[po(Xe+1 || %¢)) =

Combining this with Eq.2.11, we can rewrite the training objective (Eq.2.4) as maximizing

2 1—-a 2

 ve — _ 2Tt

2 E \/1 Qt = Op4q \/ a1
E: q(Xt+1|Xo0)

Ot4+1

eg(x1,1) — & eo(X¢ey1,t+1) — €1

Eq(x; |x0) [—’Yo




which is equivalent to minimizing

T

> Eg ix0) [%(fﬂ

t=1

€9(Xt, t) — ét

2
] = Ja(e) (2°15)

Note that Eq.2.15 has the same form as Eq.2.12 up to a constant (with respect to ), so we can train DDIM
models using the same objective as DDPM models .

Hence, our two goals are both achieved. Our next focus is on the generation process of DDIM. In the
DDPM paper [2], the authors claimed to use v = 1: L1(6) can be used as a surrogate objective for .J,(6)[5].
Hence, when our posterior is defined to maintain the same ¢(x; | X(), we are able to consider forward pro-
cesses shorter than 7, i.e., we can choose a subset of times {1,..., T}, 7 = {7,...,7s} C {1,...,T}, for
some 1 < S < T. In this manner, the sampling process becomes much more efficient than the original
procedure, because in the original DDPM, both the forward process and the reverse process would take the
full T steps.

For numerical experiments, the authors considered different subsequences  and defined {o,}?, as:

1—oa-)(1—a,_
-

k3

with some 7 € [0, 1]. According to condition 2.14, we get a DDIM model when » = 0; a DDPM model when
n = 1; and a model with some stochasticity for values of n in between. The authors of DDIM [5] varied
S, the length of the subsequence, and 7, the parameter controlling stochasticity, generate samples from a
trained DDIM model (trained with the DDPM objective), and then evaluated the model’s quality based on

Frechet Inception Distance (FID), along with a discussion on sample efficiency and consistency.
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A KL Divergence between Gaussians

Let p and ¢ be the probability density of V'(111, $1) and A (ug, X2), respectively. Then, Va € R,

1
det

R
S D)

o(z) = ey e - m)}

(27)7 \/det(Zy) eXp{ 2

The KL divergence becomes 3:

Displo) = [ p(o)tog 2o
= [ (—é(z—m 574 e )+ (e )75y (& — o) + log jg;g §>d:c
1, det(Sy)

1

S det(x)) %EXNP [Tr (X = )57 (X — )] + 5Ex~p [Tr (X = p2)"55 (X = pa))]

For the second term:

Ly [T (0 — ) 57X — )]
= L [T (5 (X )X )]

= %Tr (57 Exnp [(X = 1) (X — p1)"])

= %Tr(zflzl) = —g
For the third term:
;EXNP [Tr (X — p2)" 251 (X — poa))]
;Emp [Tr (251 (X = p2) (X = i) ")]
=3Exu [Tr(z N = ) (= ) (X = 1) + g = 22))")]

2 (Bxep [(X = p)(X = i)™+ (X = pa) (pr — p2)™ + (1 — p2) (X — p) "+ (o1 — p2) (1 — p2)"])) }

=0 =0

=5 {Ir
% { ( (21 + Exp[X — p] (1 — o)t + (1 — p2) Expl(X — i)+ (1 — pio) (1 — M2)T)) }
—_———

{ Y100+ Tr (25 (i — p2) (1 — p2)™) )

25 Tr(S5'S1) + Tr | (u1 — p2)" S5 (1 — p2)

eRr

1 _
5(#1 — 112)"55 (1 — p2)

1
=5 Tr(X, %) +
Putting all terms together,

Dicaloll) = 5 (108 i) — -+ Tr(E550) + (r = )55 s = o))

3the calculation below relies on the cyclic property of trace.
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B Marginal Distribution of Multivariate Gaussian

Let X ~ N(ux,¥x) € R and Y|X =z ~ N(Az + b, Sy |x) € R%. We want to find the marginal of Y 4.

X Y by
TheoremB.1. Let X = |~ | ~ AV = ; e
Xs p2 | [Mo1 o2

the conditional distribution of X1 is (X1|X2) ~ N(MHQ, 211‘2), where M2 = H1 + 21222_21(1‘2 — /12), 211‘2 =
Y11 — 212555 Do

]),whereXl e R4, X, € R%, Then given X5 = 9,

Proof. First, perform a nonsingular linear transformation:

A
Z3

7 =

_Bx - Iy, —Y12%5
Iy,

Xi| X1 — 1955 Xy
X Xo

Hence, the mean and covariance matrix of Z are

1y = BX = fi1 — S12555 1o
M2

Iy, —Y12%55;
Iy

Y, = BYBT = _

32211\2

0] 211—21322—21221 (o)

Y11 Y12 14,
Yo1 Uool| |25 %1 I

2

o Y29

Hence, Z ~ N(uz,Xz). Also, Z; and Z, are independent because X is diagonal. Then, we can write the

joint densities of X and Z below 5:

9(z1,22) = g1(21)92(22) = g1(z1 — L1255 2) fo(w2),
f(z1,22) = g(21, 22) |[det(T;)| J. = B is the Jacobian matrix
= g1(z1 — T12X55w0) fa(w2) - 1

By definition of conditional distribution, the density of X;| Xy = x5 is:

f(x1,22) 1
T1|r9) = —/——= = g1(x1 — Y1220 T
Ji(z1|z2) Folw) g1(x1 — B1235; x2)
1 1 _ _ _
= I eXP{—§($1 — Y1985 w2 — (1 — 2122221M2))T2111|2
(2m) 2 /det(Xqy)2)
(1 — 12855 w2 — (1 — S1255; p2) }
:xl—(M1+21222_21(132—#2))5:#1\2
1 1 _
= a5 eXP{—Q(l“l —M1\2)T2111\2($1 —M1|2)} NN(M1\2aE11\2)
(2m)2 y/det(Zq2)
O
Y AX +0 b)) b))
Denote Z = = ~N i ) =121 We know that Lo = lix, Yoo = X, and also
X X po| Y21 o2

Y12 = Cov(X, AX +b) = ACov(X, X) = AXx, Y91 = X%, = X AT,

4The following theorem is from this textbook [1], Theorem 2.3.2, pp.31-32
5The determinant of upper/lower-triangular matrix is product of the main diagonal, so det(B) = 1.
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Then we have, Vz € R%,

Az +b = piyp = i1 + S1255 (¢ — pi2)
Sy|x = Sagp1 = S11 — S1255; o1

To find the marginal distribution of Y, we only need to solve for ;; and Xq;:

Az +b= 2122521@ — p2) = pu1 + AZXE;(l(m —p2) = p1 = Apux +b
Syjx = X1 — ASx Iy Sx AT = 51 = Sy x + ASx AT

Therefore, the marginal distribution of Y is Y ~ N (Apux + b, Sy |x + ALx AT).
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