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Lecture Notes on Asymptotic Statistics *

Instructor: Zongming Ma

1 Contiguity

1.1 Motivation

j.id. . .
Let X1,..., X, "~" Py, where # € O is an open interval on R. We want to test

H0:9:€90 V.S. H1:9:01
If 6y and 6, are fixed, then as n — oo,
P(type I error of LRT) — 0 and [PP(type II error of LRT) — 0

where LRT stands for likelihood ratio test. So, for fixed 6, we can make our hypothesis testing problem
harder by looking at 01, — 6 as n — oo and see whether we still have the good property using any
reasonable test.

Several questions arise naturally.

Q1: At what rate shall we let 61 ,, — 6y such that
PPy, (type I error of LRT) — o € (0,1) and [Py, (type Il error of LRT) — 3 € (0,1 — o)

Q2: Suppose you have derived this asymptotic null distribution of the likelihood ratio, can we obtain the
asymptotic distribution without much effort? Not just about the significance, but also about the power of
the test.

Q3: Suppose you have derived the asymptotic null distribution of your favorite test statistic 7,. Can you
get its asymptotic distribution without too much effort?

- Yes, as long as you can derive the joint null distribution of the likelihood ratio (LR) and T},, and the
parametric family is smooth.

1.2 Absolute Continuity

Suppose P and Q are two probability measures on (2, .A).

X is a random variable that either follows the distribution rule P or Q. If you can evaluate Ep[h(X)],
when can you also evaluate Eg[h(X)]?

The answer is yes, when Q is absolute continuous w.r.t. IP:

Eoln(X)] = Es [1CO T

“This course uses Van der Vaart, Aad W. Asymptotic statistics. Vol. 3. Cambridge university press, 2000 as textbook.
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1.2.1 Definition
Definition 1.1. Suppose P and Q are measures on measurable space (2, A).

(i.) Q is absolutely continuous w.r.t. P if and only if:
P(A)=0=Q(4) =0, VAe A
This is denoted as Q < P.
(ii.) Q is orthogonal w.r.t. P if and only if IQp, Qg C € such that:
Q=QpUQg, @ =0p N0, P(Qy) =Q(p) =0
This is denoted as P L Q.

Suppose there is a common dominating measure y for both P and Q so that we have densities p and ¢,
each with support {p > 0} and {g > 0}. Then

¢ Q < Pis approximately {q > 0} C {p > 0}.
* P L Qis approximately {p > 0} N{qg >0} = @.

1.2.2 Lebesgue Decomposition
Theorem 1.2. Let P and Q be two (probability) measures on (2, A). Define Qp = {p > 0} and
Qo = {q > 0}, and two new measures, Q% and Qg on (£, A) as follows:

Q(A) = QAN ), Qp = Q(ANQG), VAEeA

Then we have the following properties:

(i) Q= Q¢ + Q¢.
(i) Q¢ < Pand Qf L P.

As a result, the random variable
Qs — 2 pas
dP |q, P’

is well defined on Qp and is unique P-a.s. We will write it as % from now on as long as we are only
interested in the properties of % under P. We can let it be zero on ).

In statistics, the Radon-Nikodym derivative is likelihood ratio, which is a random variable that we should
study under P, the null hypothesis.

1.2.3 Lemma

Lemma 1.3. P and Q are probability measures on (2, A) and have densities p and q w.r.t. u. Then for
Qp and Qﬁ defined above, we have:

(i) Q = Q% + Qf, where Q% < P and Qp L P.
(ii) Qp(A) = [, 1dP, VA € A

(i) Q < P+= Q({p=10}) =0 = [, 4dP =1



S&DS 618

Proof. (i) VA e A, ANQp, ANQG € Aand they are disjoint, so Q(A) = Q(ANQp) +Q(ANQG) =
Q%(A) + Q¢ (A) by definition and probability axiom. As A € A is arbitrary, Q = Q2 + Q.

Let B € Asuch that P(B) = 0. As Qp is the support of p, BNQp = &, 50 Qf(B) = Q(BNQp) =
Q(@) = 0. Hence, Q¢ < P. Then note that Qp U Qf = Q, Qp N Qf = @, P(Q5) = 0, and
Qz () = Q(Qp N Q%) = Q(2) = 0. Hence, Q L P.

(ii) Let A € A. By definition,

0t() =N = [ adu= [ Tpau= [ dap— [ ap
ANQlp AnQp P AnQp P AD

(iii) If Q@ < P, then for any A € A such that P(A) = 0, we have Q(A) = 0. Take A = {p = 0}, we
immediately get Q({p = 0}) = 0. On the contrary, if Q({p = 0}) = 0, i.e., Q(25) = 0, then for
any A € A such that P(A) = 0, by (i), Q(A4) = Q4(A) +Qp (A) = 0+Q(ANQS) < Q(NE) =0
as Qp < IP. This shows that Q < P.

If Q(Q2f) = 0 (by above, we also have Q < P), then [, %dIP’ = an» %dﬁ” = 1-Q(95) = 1. Notice
that each equal sign here is an if and only if statement, so we also have fQ %dIP’ =1=Q(Q) =0.

O

1.3 Contiguity

As mentioned before, when Q < PP, for a random variable X :  +— R*, we can recover Q(X € B) by
E []1 B(X ) (X )} for B € B(RF). Yet when Q is not absolute continuous w.r.t. P, we cannot recover
the Q—measurable part that is not in the support of p.

Now suppose that there is a sequence of measurable spaces {(£2,,.4,,) }, where each is equipped with
two probability measures IP,, and Q,,. We need some tools to study the problem above asymptotically.

1.3.1 Definition

Definition 1.4. Q,, is contiguous w.r.t. P, if for any sequence of events { A,,} we have P,,(A4,,) — 0 =
Qn(A,) — 0. This is denoted as Q,, < P,,.
IfP, < Q,, and Q,, < P, we say that they are mutually contiguous, i.e., P,, <t> Q,,.

Remark 1.5. Afeach n, let dIP’n denote d(%", where Q% be the part of Qy, that is absolute continuous w.r.t.

Py, which is well defined on Qp,,. 3 dP" is defined in the same manner. Then Ep,, [dQ”} Qn(Qp,) <1

and Eq,, [dP”} = P,(Qq, ) < 1. The two sequences are both tight. By Prokhorov’s theorem, every

subsequence has a weakly convergent subsequence.

1.3.2 Le Cam’s First Lemma

Lemma 1.6. The following statements are equivalent:

(i) Qn <Py

(ii) If% Zu along a subsequence under Q,,, then P(U > 0) = 1.
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(iii) Ifﬁ%ﬁ 2v along a subsequence under Py, then E[V]| =

(iv) For any sequence of random variables T,, : (Qy,, A,,) — RE, if T, ﬂ 0 under P,,, then T,, E> 0
under Q.

Remark 1.7. By Lemma 1.2.3, Q < P is equivalent to > 0 (Q-a.s.) and is equivalent to f 4qp =1,
which is also equivalent to P(T' # 0) = Q(T # 0) = 0."

Proof. We first show that (i) and (iv) are equivalent. When Q,, < P, take any {A,, } andletT,, = 14, .

If T,, > 0 under P,,, then P,,({w € Q : weAH_P(A)%0wmmMW%Qd ) — 0 by

contlgulty, s0 Q,(T,, =0) — 0,1i.e., T, % 0 under @y, Conversely, when (iv) holds, fix € > 0 and let
A, = {||T|| > €} Then (i) holds by definition.

Next, we show that (i) = (ii). Suppose P(U = 0) > 0, i.e., P(U > 0) < 1. Then there existan ¢ > 0, a

dPp,
subsequence nj — 00, and a subsequence €, | 0 such that hm an( o5 < &y, ) > €. For each ny,

let A, = {dQ L < ep, } N{gn, > 0}. Then we have

* * {j(gn <eny, }{an, >0} d@nk r {Zg” <en,} dan k k

dp,, L -
As Quy, < Py, Qg (Any) = Qn, (g™ < €n,) — 0as k — oo, which is a contradiction.

Then, we show that (iii) = (i). Consider any sequence of events { A, } such that P,,(A,,) — 0. We need
to show that Q,,(A4,,) — 0, or, equivalently, Q,,(AS) — 1. In fact,

. dQy, dQ,
= > = e

n

By (iii), ‘fl% Dy > 0 under IP,,. Also, 1 4¢ 2 1 under IP,, by definition of {A,,}. By Fatou’s leamma,
li%iann(A;) > /VdIP’ =E[V]=1=Q,45)=1=Q, <P,
n oo

Finally, we show that (ii) = (iii). Define u,, = %(Pn + Q) that dominates both P,, and Q,, for each n.
Let W), = % € [0, 2] bounded. From this definition, E[WW,,] = 1. Since both j(% and fl%‘ are tight
sequences, there exists a subsequence along which

dP,, p dQ, dP,, p
—— U — =V, — W
dQy, ’dPn ’dlun

under Q,,, Py, puy,, respectively. By DCT, E[W] = 1. To prove (iii), we first show that P(WW = 0) = 0,
then show E[V] = 1.

Fix any bounded continuous function f, we define bounded function g : [0, 2] — R as following:

. f(%)‘@—x) 0<zr<?2
MM—{OQ o

IPn J— dIF"n/d,un J— Wn
Then, Q-a.s. we have Qo = A0, = =Wy

Eo, |f (2 7 (9em) T2 = [ () 2 Wi = [ W),
[ <d@n dQn dpin, 2—W,

SO
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Hence, by DCT, lim Eg, [f (g};&)} = lim E,,, [g(W,)] = E[g(W)], lim Eq, [f (g&)} — E[f(U)].

n—oo n—oo

We pick a sequence of bounded continuous functions {f,} such that |f,,| < 1 and fr, — 1. By
above, for each m, we have E[f,,,(U)] = E[g,,(W)]. Let m — oo and use DCT again,

lim E[f(U)] =P(U = 0) = lim E[gm(W)] =E [n{%zo}(z - W)} = 9P(W = 0)

m—o0 m—ro0
By assumption of (ii), P(U = 0) = 0,so P(W =0) =0 = P(W #0) = 1.
For each bounded continuous function £, define § : [0,2] — Ras:
N (=) if z € (0,2
R A
0 ifz=0

By similar arguments using DCT, E[V] = E[W]. Pick a sequence of bounded continuous functions:

fm(z) =

< min{z, m} ifz>0
0 ifz <0

Then, by MCT, E[f,,(V)] 1 E[V], which is equal to

w

E[gm(W)] = E [(%) W]l{wzo}] =2P(W #£0)—1=1

1.3.3 Example
Suppose $5= 2 N o) under Q.

(i) Since e” is always positive, by Le Cam’s First Lemma (ii), we immediately have Q,, < IP,.

(i) When can we have P,, <1 Q,,? We need E[eN (“"’2)] = 1 by Le Cam’s First Lemma (iii). That is,
if and only if p + %02 =0.

1.3.4 Le Cam’s Third Lemma

Theorem 1.8. Let {P,,}, {Q,,} be two sequences of probability measures on {(2,, Ay)} and { X, } is a
sequences of random variables where X,, : Q,, — R for each n. Suppose that

(i) Qn <Py

Xn
(ii) [dQn} Z {X} under P,
TP 4

Then we have:

(i) L(B) =E[15(X)V],VB € B(RF) defines a probability measure.

(ii) X, L2 £ under Q..
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Proof. (i) L(R¥) =E[V] = 1 because Q,, <I P,, and Le Cam’s First Lemma (iii).

(ii) Fix any lower semi-continuous function f bounded from below, then (z,0) — 60f(z) is lower
semi-continuous and bounded from below as long as 6 € [0, +00) (well, 6 is the likelihood ratio).

n—o0 n—oo

liminf Eg, [f(Xy >hm1nf/f dQn P,(x) > E[f(X)V] :/fdﬁ

The first > since we only integrate the absolute continuous part; the second > by Fatou’s Lemma.

Then choose f = 1, by the Portmanteau Theorem, we have X, 2 L under Q,,.

O]

1.3.5 A Special (The Original) Case of Le Cam’s Third Lemma

X
Corollary 1.9. [log Zf@n} 2 Nen ([511212} ) [Ekfk TZXQI]> under P, then X, % Ni,(u + 7, %)

dPy, 2 T
under Q.

Proof. By continuity of exp(-), 3 dQ" W under P,,, where W ~ /\/'(—50 02). By Example 1.3.3.,

we have Q,, <> P,,. By the general form of Le Cam’s Third Lemma, X, 2 ¥ under Q,, for some Y.
For any bounded continuous function f, E[f(Y)] = E[f(X)e"]. Take f(y) = ¢'" ¥,Vt € R¥. Then

My (t) = B[] = E[e" Xe"] = Elexp{[itT 1] [vﬂ } = E[¢f]

where My (t) is the characteristic function of random variable Y and ¢ is Normal with mean it” y1 — %02

and variance [it? 1] [ ZT 72} [Zt] . As a side note, for a random variable V' ~ N (u, 02),

™ o 1
v— =L (v—p)? _w=p=0?? L2022
E[ev] _ e 202 do — e 252 dve(wr 20)2 2 :elﬁ_%UQ
2mo V2o
Hence,
1 1 ¥ 7| |t
= Elef] = - = it
My (t) = Elet] = exp{ i 20 +2 [it? 1] |:TT 02] [J}
T Lo 1. 7 T 2
=expq it p=350 +§(_t St+2it" T+ 07)
1
= exp{it’ (u+7) — §tTZt}
which is the characteristic function of Ny (u + 7, %). O
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2 Quadratic Mean Differentiability and Local Asymptotic Normality

2.1 Quadratic Mean differentiability
2.1.1 Definition

Definition 2.1. {Py : 0 € O} is a parametric family of probability measures (we have a parametric
statistical model), where © C R¥. Let 0y € ©° and suppose Py has pdf pg around 6.

Then the model is g.m.d. at 0 = 0 if there exists a measurable function 590 such that as 0 — 6,
1 , 2
[ (V3= o = 50 = 80"y 7y ) s = o6 - 6ulP)

This looks close to Hellinger distance, which is easy to work with in scenarios with i.i.d. data.

Remark 2.2. When k = 1, g.m.d. is the same as
1 , 2
[ (V3= o = 0 = 0l ) = o0 — 60
Do — /Do, 1. 2
=>/ (W - 2500\/1990) dp = o(1)

and égo is the score function at 6.

2.1.2 Implication of q.m.d. for a Parametric Family

Theorem 2.3 (Likelihood Ratio under g.m.d.). Suppose {Py: 0 € © C R*} is g.m.d. at 6y € ©° with
some Ly,. Then

(i) Eq, [590 (X)] =0, and Iy, = Eg, [égo (X)égo (X)T} is well-defined entrywise (both Ly and Ls).

(ii) Yh € R asn — oo,

B0+ 1 « . 1
log [ [ (X)) = 7 > Tl (X)) — 5hngoh + op,, (1)
j 0 =1

which means that we can approximate at a specific rate

Remark 2.4.
1 & , 1 1
% Z hTE@O (Xl) - itheoh g N(_ihTIGOha hTI@oh)
i=1

ie, L(X1,...,Xn|00 + %) a> L(X1, ..., Xulbo).

Proof. Step 0 : Preparation.

Denote py, := py_ A D = pg,,and g = hTégo. So, the parametric family being q.m.d. implies

2
[ |Vt = v - jovi| u=o) )
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which is equivalent to
1 L2(u)
Vn(y/pn — /D) — 59\/13 0 asn— o0

Step 1 : We are going to prove part (i).

(+) implies that /n(y/Pn — /D) — 39v/P € L*(1). As /P, \/Pn € L?(1), we have 3g,/p € L*(p). So,
+00 > / g*pdu = / hT g, 05, h pgydp = Egy [h" g, 05 b

Letting h be one-hot vectors, we conclude that the diagonal elements of [y, [EQOZQTO] are all finite. By
Cauchy-Schwartz inequality, all off-diagonal elements are also finite.

Another implication of g,/p € L?(y) is that we have \/n(\/p, — /D) — 391/p in L*(u), which
implies /n(,/2 — 1) — g in L?(p). Since p is a pdf, L?(p) C L'(p), so v/n(, B —1) — $ -0
in L(p). Since g € L?(p), g is also in L!(p), so is \/n(, /p" — 1). Then it suffices to show that

J \/ﬁ(\/% — Dpdp — 0:

/ﬁ(ﬁ—l)deZ/ﬁ(W—p)d“
=\/ﬁ[/\/ﬁpdu—1}

= \/ﬁ/(\/M— %p— %pn)du

— ;v [ (VB - v

We know that \/n(,/pn, — /P) ngp in L?(p), so n(/pn — /p)? is bounded from above. Hence, for
each n, the above is bounded by for some C' > 0, which converges to 0 as n — co.

Finally, we have

‘/;gpdu—/\/ﬁ(\/f—l)pdu’ S/’;gp—\/ﬁ(\/f—l)‘l?dﬂio

500 =2 [ Lgpdu = Ey,[g] = Eg, [T by, ] for any h € R¥, which proves (i) entirely.

Step 2 : We are going to prove part (ii).
1og£[1ﬁj<xi> = 2glog,/p;<xi>
:zilog(uwg’i) Wm—2< IZL(XZ-)—1>
_ QZ (
:ZWn,i—4;W3,i+2ii}W2

=1
N
) (I (T

2

R(Wm)> by 2nd order Taylor expansion

where R(z) — O as |z| — 0.
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As (I) is a random variable, we study its mean and variance, respectively:

E,[(D] = nE,[W1,] = 2nE, [ Pn (X)—l] by definition and iid

—Qn/ﬂpn—lpdu

= /(f(\/pTL V/P))?du  use same trick as before
L2(p) 1

- [Govrdu since vty - vB) <Y S
- B [(g(x0))

- 1 < 1
Var, (Z Woi——= g(XZ-)> = n Var,(W,1 — —=g(X1)) byiid.
=1 \/ﬁ =1 f

<Ep[(Wn1 — \f 9(X1))?]

(5 )-)
— 14 [ (VA ~ VB - javPdn = oe()

So. (I) = fzg — B 60X + 0x(1).

2
For (II), recall that \/n(,/2 — 1) ) 9. 50 2y/n(, /Bt —1) = gin L?(p), which implies that
nW2, = (9(X:))* + Ani, where Ey[| Ay ;] — 0 as n — oo. By LLN, A, = % Yo A % 0. Thus,

n n

W= 3 ZAM:(II)—{Z Ep[(9(X1))?]

=1 11 11

aEng(xl)) ] 50
which is a constant (no need to consider the variance of (II)).

Note that (I) + (ID) is already what we want to show for part (ii). Hence, our goal now is to show that

dm =2 Z Whi) 20, As Z W ; 18 Op(1), it suffices to show that max; |V, ;| Eo.
=1

Ve >0, P(max|W,;| > e¢)
7

<nP(|Wy,1| >¢) by union bound and i.i.d.

1
=nP <W,§ = [(9(X1))* + Apa] > 52) recall in (IT)

1 1 1 1
<nP <(g(X1))2 > 252> + nlP <|An71] > 2£2> by Triangular Inequality
n n

n 2 n .
< [ E,[(g(X1)) ]‘(g(Xl))2>%n62] + % E,[|An,1]] by Markov Inequality
—— b —— L
constant —0 constant

= max |W,, ;| 50
7
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2.1.3 A Sufficient Condition for ¢.m.d.
Lemma 2.5. Suppose that for every 0 € © (an open set of R¥), the mapping 0 s +/pg(x) is continuously
differentiable in 0 for p-a.e. x. Then pyg is continuously differentiable in 0 for u-a.e. .

If further, the elements of Iy = f(p" )(p" Y padyu is well-defined and continuous in 0, then {Py : 6 € O}
is g.m.d. at every 0 € ©, with {y = p" = (log py)'.

Proof. Let sg(x) = v/pg(x). sp(x) is continuously differentiable in 6 for p-a.e. z. So for the mapping
0 — po(x), po(x) = 2sg(x)se(x) is continuous (py(x) is continuously differentiable).

Since sg(z) is nonnegative and continuous, when sg(z) = 0, $g(z) = 0. So we can write

oy b ope(z) _ 1pe(x) .
D=5 s0w) ~ 2palay VP

where J := 0. Now we have amap 0 — Iy = 4 [ $9(x)$g(2)” dy that is continuous.

Consider some index t — 0 and h; € R¥ with ||h;|| < 1. Without loss of generality, assume that
ht — h ast — 0 (or take a subsequence, by Bolzano-Weierstrass Theorem). So for p-a.e. x, we have

w — hTsg ast — 0. In addition,

/ [W} dp = / < / htT59+utht> dp by Fundamental Theorem of Calculus
0

1
< / / (h?seﬂtht)Qdudu Cauchy-Schwartz
0
IR .
=1 hi Tg4uth, hedu  Fubini
0

As t — 0, this converges to %thgh = (hT59)2 du.

This implies that

2
s -
& /(89+tht — 89 — thTS(;)Qd,u = 0(t2)

@/(39, so— (0 — 0)Tsp)2dp = (][0 — 0]2) letd = 0+ thy

Examples:

(1) po(z) = m, V6 € R. Cauchy location family.

GV = == 0) 1+ @ =0?)
4 z? 1
_/RTr (1+22)3 34 T2

so this family is q.m.d.

10
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(ii) py(x)

D=

z€(0,0), V0 € (0, +00). If this family is q.m.d., then fix 1 > 0, we would have

2

dr < 400

| ¢p9+ﬁ @) = Vi)

which implies

2
lizrlsol(l)pn/R (\/p9+;ﬁ(az) — \/pg(a:)> dr < +o0

”/R <\/pa+ﬁ($) - \/pe(:v)>2d$ > /90+¢hﬁ lidiﬂ _ \/m,i

0+ L 0+ L

However,

This term is unbounded as n — oo, which is a contradiction, so this family is not q.m.d.

2.2 Local Asymptotic Normality

Suppose we have a single observation X ~ Ny (h, I 9 1) for some h € RF,

The log-likelihood ratio with respect to N (0, I, 9% ) is

exp{—3(z — h)TIp(x —h)}
exp {—32TIpyz}

1
log = Wl Iy — §hTIGOh

Take (g, = (logpg)’ . The covariance for Iy, X and —= ZZ L loy (X;) ar

0=0q

Cov(Ip,X) = I 1y Igy = Iy

0
n

Cov( = 3 i (X0) = 1 - Covliny (X1)) = Eyliay(X:)iay (X1)7) = I
=1

{N&(0,Iy,) : 0 € RF} is .m.d., by theorem, the q.m.d. likelihood-ratio should be

n

1 1
—— Zeeo §hT190h + op(1)

The two likelihood ratios are the same up to some negligible terms op(1).

Theorem 2.6 (Local Asymptotic Normality). {Py : 6 € O} is g.m.d. at 6y for some égo. Iy, := E[égoég;].

Let T, = T,,(X1,...,Xn) 2 Ly, under IP’ngthor any fixed h € RE, where Ly, is some probability law.
n

Then there exists a random variable T = T'(X,U), where X ~ Nj/(h, 19_01), U~U(0,1),and X 1L U,

such that L(T(X,U)) 2 L.

Remark 2.7. This means that for any testing statistic T,, that is weakly convergent is “matched” by a
statistic T asymptotically. Now, we only need to study Gaussian location family. Asymptotically, the score
function is a sufficient statistic for a smooth parametric family.

11
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Proof. LetP, ), :=P" Vh e RF, and A, := ﬁ S €6,(Xi). By qm.d.-LR theorem,

0o+ }w
dP, p, T 1 4
1 =h" A, — zh" Ip,h 1
%8 o n = 5" Ioh + op(1)
. An D 0 Igo [90 hT
So, after some calculation, under I, o, o ﬁ:z ~ Nia1 < [_ %hTIGO h} ) [hT—Tao W1, h] > .

By Corollary 1.9, A, 2 Ny (Ig, b, Ip,) under P, nasn — oo forany h € RF. Then we consider A"
n
D D T, . . L .
where under Py, o, T,, ~ Lo and A, ~> N(0, Ip,). A is then a tight sequence, which implies
n

Tw.| D[S .
AnJ R [ A} under P, o. The marginal

distributions S 2 Lo and A 2N (0, Ip, ). By continuous mapping theorem,

that there exists a subsequence {ny} and (S, A) such that {

T,
dPnk,h
dPnk,O

D S
exp {hTA —

;hTLgoh}]

Without loss of generality, assume that S is a scalar. Fix A = § € R¥. To analyze £(S|A = §) := Fj, let

Fy Y (U) = Fs := T(A,U), where U ~ U/(0, 1). This implies that [T(i U)] 2 [i}

Suppose X ~ Nj(h, Ia_ol)’ where X 1l U. Then VB € B(R),
det(Igo)

2r)"
1

_ /R Py(T(3,U) € B) (2m)" det(Ig,)

(change of variable: 6 = Ip,x — h)
—E, []lmA U)GB}ehTA—%hTIgoh} A~ No(0,1g,),U ~ U(0,1), U 1L X
By [5epe e H7I00]

= L; by Le Cam Lemma 3

Py (T (I, X,U) € B) = /Rk Py (T (Ipyz,U) € B) exp {—;(x — )T Iy, (x — h)} dzx

1 1
exp {—25T16—015 +hrTs — 2hTI(;Oh} ds

so the distribution of .S under P, ¢ is Ly,.

When S is not a scalar-valued random variable, say S = (S57,.52) in the simplest case. In the proof

above, we should look at S1|A = §, then S3|A = §,51 = s;. For a realization of U ~ U(0,1),
U = 0.uquous - -- and let Uy = O.uqusus - - - and Uy = O.usugug - - -. Uy, Us Z'fz\'Jd' U(O, 1) Hence, we

are able to generate entries of .S successively. O

2.3 Examples
2.3.1 Asymptotic Linear Statistic

Suppose the parametric family {Py : § € ©} is q.m.d. at 6y and Py, <> Pgo+ . . Let 0y, be a statistic
vn
such that

V(b — o) = IZLﬁ +01P> (1)

12
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Assume Egy, [1)(X1)] = 0 and Varg, (¥(X1)) = 72 < oo. Then

Wfﬁn_?) L (X)) vom (1) B ({ 0 ] [Tz oo D
forys | T | Ly (X pp (1) ~ Na 7

log [;;ﬁ jﬁzi:lhweo( i) = 3h" Igh % —3hTIgoh | 012 W' Igh
0

under P, where 012 = Covg, (¢(X1), hTlg,(X1)). By Le Cam’s Third Lemma, under Py

0ﬁh

(0, — 0) 2 N (012, 72)

2.3.2 T-test without Normal Distribution

Let X ~ fy(z) = f(z—0),V6 € R, with mean 0 and variance 2. If f is differentiable and [ (f’)* 1du <

+o0, then { fp} is q.m.d. By applying Lemma in the context that Hy : § = 0, T,, = \FX" \f Xn 4
opr (1). So it fits the previous example with ¢ (X;) = 7’ and g, (X;) = 1 ((X)) Hence
Xi " h
UlQ:COVO < —hf ) :—/ f —
o f(X o

where we used integration by parts and assuming x f () — 0 as n — 0.

D
So under f’ T, ~ N(2,1).

2.3.3 Sign Test

Assume further that f(z) is positive and continuous at 0, with ffoo f@)de =5 = [ f(x)dz.
Consider test statistic
1 1 1
nz<lx>0—2> 7251@1
i=1 i=1

Under Hy : 0 = 0, S, = N(0,1), and

012 = Covg (nmo, —hj;((jf)) ) [ F@yde=h- 10

25y = N(2hf(0),1).

so, under f’
Compare with T,,: when f(0) is peaked, then using sign test gives better power, so it all depends on %
and 2f(0).

2.3.4 NP Statistic
log(Ly, h) logH

Under Hy : 0 = 09, log(Ly, h) 2 N(—302,0%), where o = h' Iy, h.

13
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Under Hy : 0 = 0 + %, log(Ly, h) 2 N(3o2,02).

log(Ly, h) + 02
If we are at level «, we reject when 8(Lnh) + 3% > Z1_q-
Oh

The power is then equal to

. (N (3%, 0%) + 304

Oh

> zl_a> =PWN(0,1) > z1_o — 0op)

14
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3 Asymptotic Efficiency of Estimators

3.1 Motivation

Xi,...,.X, - Py. We want to estimate some function () of 6 (v is known).

Suppose v/n(T,, —(0)) 2 Lo under P?. Then T,, is “good” if Ly is concentrated, such as [ |z|2dLy(x),
[ |zldLo(x), or [ 2 A a(|z| — Sa)dLo(x) being small.

Counterexample: Hodge’s Estimator

T,  if|T>n"1

X1, Xy "R N(0,1). Let Ty, = X, Sy = ,
0 otherwise

For any fixed 6, \/n(T,, — 0) 2 N (0, 1) (this is exact, not even using CLT).

* When 6 = 0, P(S,, = 0) = P(|T,,] < nfi) "20° 1 because T), — 0 exponentially fast. So

V/nSy % 0, which implies \/n(S, — 0) 2. 0. Hence, the MSE for S,, goes to 0, better than that of
T, which is always equal to 1.

* When 0 # 0, as n — oo, |T,,| would be concentrated around an ﬁ neighborhood of #, which

moves away from n-i. Hence, P(|7,| > nfi) — lasn — oo, ie., P(S, — T, #0) — 0.

We use quadratic loss function when comparing how large the improvement is from 7, to .S,:

sup Eg[(vn(T},, — 0))*] =1 this holds for all #
0eR

up Eg[(va(Sn = 0)%] 2 B,y [(Vit(S — )
>E 1 [(Vn(Sn —n"1)) L, =]
= VnE _i[Ls,—o
= \éﬁ(l +0(1))

As n — oo, the latter could be arbitrary large. As another way to see this, we choose h € R, then

sup E@ [(\/E(Sn - 9)2] > EL
6eR v

NG

We can choose h arbitrarily large. So, S, beats 7;, only when 6 = 0.

2
(\/ﬁ <sn _ h)) ﬂsnzol = WP (T,| <n7H) > B

3.2 The Special Role of Normal Mean Estimation

Suppose {Py : § € O} is q.m.d. at some 0y € ©° and
h D
v T =1 90+% ~ Log,h (%)

under Pgo-l- , forallh e R*, where 1/ : R¥ — R™, with derivative matrix 11}90 € R™%k at 6.
NG

15
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From (%) we have

Vit = 6(00) =it (T =0 (00-+ 22 ) ) +vi (4 (00 5 ) — o)

D P ;
~Loy,h —ppy b

D
~ £90,h * 512)90h

for all h € R¥ under P* , . J is delta measure.
90"!‘%

By Local Asymptotic Normality Theorem, there exists 7'(X, U) such that T'(X, U) Z Log,n * 6, ps
0
where X ~ Ny (h, I; ') and U ~ U(0,1), X 1L U.

The implication of this is that if we understand what is optimal for Gaussian location family, then we
understand the smooth parametric family.

3.3 Equivariant-in-Law Estimator in Normal Location Family

Let X ~ Ng(h,X = Ig_ol), U~ U(0,1),and X 1L U. We want to estimate Ah (A is known) with
T(X,U).

Definition 3.1. (i) The estimator T(X,U) is equivariant if T(x + h',u) — Ah' = T(z,u),Vh' € R,

(ii) The estimator T'(X,U) is equivariant-in-law if T(X + h',U) — AW L T(X,U),VYh' € R¥. This
is weaker than equivariant.

Proposition 3.2. The null distribution h = 0 of any randomized equivariant-in-law estimator of Ah can
be decomposed as L = N (0, ALAT) x M, i.e., it has the distribution as AX + Y, where X ~ N(0,X),
Y~M,and X 1L Y.

Proof. Assume A = I, the k X k identity matrix.

Consider a sequence of priors 7, on h, e.g., T, := Ni(0, mX).

X 0] [ mz
Let H,y, ~ Tm. Then X|H,, = h ~ N'(h, %), so [Hm}NN([oy[mz Zz]) wo (k)

Let F}, be the marginal distribution of X when H,, ~ 7, and L be the law of T'(X,U) — h when
X ~N(h,%). Then T(X,U) — Hy, 2 [ for every m when (X, H,,)7 is jointly distributed according
to (). For any realization h of H,,, the law L is the same, so there is nothing to marginalize.

Fix any continuity point 6 of £, the cdf of £ is then £(0) = P(T'(X,U) — H,, < 0). By (x%), asn — 00,

m m D
HolX =a ~ N [, 2 5] 2 >
ml 7o N <m+ 1" m+1 > Ni(, )

So, given X =z,U = u,

P(T(X,U) — Hy < 01X = 2,U = u)
—P(Hy, > T(X,U) — 0|X = 2,U = u)
=1 — &x(T(z,u) — 0 — x)
=05 (0 — T'(z,u) + x)

16
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where @y () is the cdf of N (0, X). With this,

L) = /01 /R P(T(X,U) — Hy, < 01X = 2,U = u)dEy (x)du

= /1/ O5.(0 — T'(z,u) + x)dFp(z)du + 01, (1)
0 JRrk

:/ 5 (0 — 1)dCn (t) + 0 (1)
Rk

1
where G, (t) = / Fpo(T(X < U)— X < t)du. Gp, is the law of T(X,U) — X, with X ~

0
F,, U ~U(0,1),and X 1L U. Thus, T(X,U) — X = T(X,U) — H,,, + H,,, — X, regardless of m.

L N(0,%)
So both {T'(X,U) — Hy,} and {H,,, X'} are tight sequences, which implies that {G,,} is also a tight
sequence. O

3.4 Hajek’s Convolution Theorem

Definition 3.3 (Regular Estimator Sequence). T), is regular at 0y for estimator a parameter () if

Vh € RF,
Ao ) 2

under P, 1 .
0+

The limiting distribution does not change locally. Ly, can be any law.

For example, for a location family, the variance is the same, so Ly, is the same.

Theorem 3.4. Suppose {Py : 6 € O} is g.m.d. at 0 € © with nondegenerate Ip,. 1 : RF — R™ is
differentiable at 0y with derivative matrix 1pg, € R™xk,

If T,, is regular for estimating 1(0) at 6 = 0, then
Ly = N (0, g, Iy 1)) * M,
for some Ma,.

In particular, if Lg, has covariance matrix Xg,, then we have ¥g, — &90 1 970 11,[)%; = Omxm.

Proof. T, is regular, so /n (Tn — (90 + %)) 2 Ly, under IP’9+%. Then,

vy = (5o (1)) v (o (o ) i) " e,
Pe+% —1bgy h

n
— Lg,

By Theorem 2.6 (score is asymptotically sufficient), there exists 7'(X, U) such that L(T'(X,U)) ~
Ly %6y, , when X ~ Ny (h, I h).
0

If we fix X ~ Nj(h, I "), T(X + h,U) ~ Ly, * 8y, S0 T(X +h,U) Yooh ~ Lg,. This shows
that T'(X + h,U) — g, h is equivariant-in-law for estimating g, h.

Hence, Ly, ~ N (0, ¢90 Io 1¢gz)) * M for some law M by previous proposition. O

17
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1 <. . )
Corollary 3.5. The statement “If T, is regular, then \/n(T,—(0)) = 7 Z wgofé)légo (Xi)+om,, (1)”
i=1

if and only if T, is the best regular estimator sequence.

18
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4 Projection and U-Statistics

({1 ) oo

we can estimate ¢ by sample covariance

LS - x)v- 1)

i=1

Consider

n—1

which may be a little bit hard to calculate. However, with U-Statistics, it can be easier to calculate, as
they are symmetric functions of the sample:

oY KXYy

2/ 1<i<j<n

Projections make U-Statistics into additive functions of the sample.

4.1 Projection
4.1.1 Definition

Definition 4.1. T and {S : S € S} are random variables with finite second moment. A random variable
S is a projection of T onto S (or La-projection) if S € argming.g E[(T — S)?).

4.1.2 Theorem (Orthogonality)

Theorem 4.2. Let S be a linear space, i.e., if S1,59 € S, then a1.51 + asSs € §,Vay,as € R, and all
elements of S have finite second moment.

(i) S is a projection of T onto S if and only if S € S and E[(T — 5)S] = 0,VS € S.

(i) S is unique (any two projections are equal almost surely).
(i) If1 € S, then E[T] = E[S] and E[(T — $)S] = 0,VS € S.
Proof. We first prove (i). (<) Fix S € S such that E[(T — 5)S] = 0,V € S. Now take an arbitrary
S’ € 8. We then have
E[(T — S =E[(T - S+ S — 8"} =E[(T — S)*] + E[(S — §')*] + 2E[(T — S)(S — 5]

Since S is linear, 5 — 5’ € S, so 2E[(T — S)(S — §')] = 0. Then, E[(T — )] > E[(T — 5)?]. so
S € argming.g E[(T — S)?]. (=) Leta € R. Take any S € S.

E[(T — S — aS)?] = E[(T — 5)%] — 2aE[(T — 5)S] + o2E[S?]
This quantity should be no smaller than E[(T — S )2, by the definition of S, which implies that
—2aE[(T — 5)S] 4+ o’E[S?] >0, VacR,VSeS =E[(T-5)S]=0, VSeS
since the left-hand side can be viewed as a parabola in « and we want to make it always nonnegative.
To prove (ii), note that in the proof of (i) (<), E[(T — S')?] = E[(T — S)?] holds if and only if

E[(S — S)?] = 0, which implies that S5 = S almost surely. For (i), as 1 € S, by (i), we canlet S = 1
and conclude that E[(T" — S) - 1] = 0. Hence, E[T] = E[S]. Then, VS € S,

Cov(T —S,8) =E[(T — 8)S] —E[(T — S)JE[S] =0—0-E[S] =0

19



S&DS 618

4.1.3 Theorem (Co-Convergence)

Theorem 4.3. Let S, be a sequence of linear spaces of random variables with finite second moment that
contain 1. Let T, be a sequence of random variables with projection Sy, € S,, for all n.

Var(Ty) T.—E[T.] _ Sn—E[S Sn]
f Y@y L then 55 SD(3n) 0.

Proof. Let A, = T2=ElTnl _ 5 =ElSn] e 4im to show E[A2] — 0, which implies A, 5.

SD(Tn) SD(S,,)

_ E[(Tn —E[T,))?] | E[(Sh — E[S,])’] T, — E[T; ]g ~E[3,]
e A T A R VS, | D@, sp(&.)
1410 OV S)
SD(T,) SD(S,)
=9 _ QCOV(T - Sny Sn) + COV(Sn, Sn)
- SD(T,,) SD(S,,)
SD(S,,)
>~ ?sp(z,) "

4.1.4 Hajek Projection

Definition 4.4. Let X, ..., X, be independent random variables. Define

Sn = {Zgl i) E[(9:i(X:))?] < +oo,Vi € [n]}

where g;’s are arbitrary measurable functions.

The reason we study this class of random variables is that it has the form of a sum, and we can use central
limit theorem to derive its weak convergence.

The projection of an arbitrary random variable 7' = T'( X, . .., X,,) onto S, is its Hajek projection.
4.1.5 Theorem

Theorem 4.5. Let T be a random variable such that E[T?| < +oc. Then T has its Hdjek projection as

S = ZE[T]XZ-] — (n—1E[T]

Before proving it, here is a recap on conditional expectation, which is also a kind of projection. For a
random variable X, its expectation E[X] minimizes E[(X — c)?] over all ¢ € R. Similarly, suppose we
have two random variables X and Y, and we want to minimize E[(X — g(Y"))?] over all measurable
functions g. We get the conditional expectation E[ X |Y'], which is a random variable, and E[X Y] = go(Y)
for some measurable function gg.
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Proof. By the Theoreom 4.1.2 (i), we need to show that S € S, and E[(T — 5)S] = 0,VS € S,..

Since for each i, the conditional expectation E[T'| X;] is a measurable function of X; and we can absorb
—(n — 1)E[T] into measurable functions, we immediately conclude that S € S,,. Then Vi, j € [n],

EE|T|X;|| =E|[T ifj#1i

B{E(T X)) = {0 B

E[T|X;] ifj=1

by independence. So Vj € [n], Vg measurable,

E[S]X;] = [ZE T1Xi] - (n—1) [T]’Xj
=Y E[E[TIX]|X;] + E[T|X;] - (n — 1)E[T]
i#]
= E[T|X;]

E[(T — S)g(X;)] =E [E[(T — S)g(Xj)\Xj]} tower of expectation
=E []E[T - 5’|Xj]g(Xj)} since g(X;) is measurable w.r.t. o (X))
=0 by above

Take any S = 31", gi(X;) € Sy, we have E[(T — 5)S] = 1 | E[(T — 8)g:(X;)] = 0. O

4.2 One-sample U-Statistics

4.2.1 Definition

Definition 4.6. Let X1,..., X, "~ F. h is a function with r arguments that is permutation symmetric,

ie.,
h(z1,. . 2r) = h(Zr1)s > Trr))
forall (x1,...,x,) € Dom(h) and for all 7 that is a permutation of {1, ..., n}.

A U-Statistics with kernel h is then

U:(Tll) Z hXgp,,. .., Xg,)

T/ 1<p1 << Br<n

Lemma4.7. U = E[h(Xl, ce ,XT)|X(1), s >X(n)]

Proof. HW2. O

4.2.2 Asymptotic Normality of U-Statistics
Theorem 4.8. Suppose Ey[U] = 0 = Eg[h(X1, ..., X,)] and Eg[(h(X1, ..., X;))?] < +o00. Then,

(i) The Hdjek projection of U — 0 is

n

U=> EU-0|X;] = Zhl
where hy(x) = Eg[h(z, Xo,...,X;)] — 0.
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(ii) /n(U =0 —U) 5 0and /n(U — ) 2 N(0,72¢,), where
Cl - COVG(h(Xl’XQ’ T "XT’)ah(XlaXéa v 7X';*))7 X17X27 .. .7X7’7Xé7 oo ,X7/' Z’zvd F

Proof. (i) The first equality holds since Ey[U] = 6 and property of conditional expectation that
appeared in the proof of Theorem 4.1.5. For the second equality, note that for a given r-tuple
(Bi, ..., PBr), Vi € [n], by the permutation symmetry of h,

hl(Xl) ifiE{ﬁl,...,,Br}

0 otherwise

E[h(XBN ce 7X,3r) - 9’Xz] = {

Y E[U - 0|X] Z}El) > h(Xgl,...,Xgr)H‘Xl
i=1

1<B1<-+<Br<n

_(1’"‘)ZE S (h(xﬁl,...,Xgr)—e)’XZ-

1<B1<<Br<n

Z Z h1(Xi)Lics,....80)

7’ i=1 1<p1<--<Br<n

n—1
-1

éi(ﬁ:})wxﬁ)—;gwx@

For each i € [n], the number of tuples is ( ) so the above is equal to

r) =1
(il) We first show /n(U — 6) 2 N(0,72¢1), which is equivalent to \7% 2 N(0,1).
761
A ’,"2 n 2
Var(U) = — Z;Var[(hl(Xi)) ]
72 2 ..
= gIE[(hl(Xl)) | byiid.
2
= TE [(h(X1, X, ., X,) = 0)(h(X1, X, ., X))
2
”

2
= — Cov(h(X1, Xo, ., Xp), M(X1, X, ., X)) = %Cl

U is the sum of (f) independent random variables h(Xg, , ..., Xpg,) with r fixed, by central limit

U—0 D . Var(U) )
theorem, o N(0,1). Hence, if we can show V(@) 1, then by Slutsky’s lemma,

B Var(U) U-0 D
r2¢, Var(U Var(U

N(0,1) = N(0,1)
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We now calculate Var(U):

Var(U)=Var | 0= > W(Xp,,...,Xs)
T) 1<B1<<Br<n

= D3 Cov(h(Xp,, ..., Xp,) M Xp, ..., Xg))
B

1 n\[(r\[n—r

-7 <T> <C) (T - C) Cov((X1, ... Xes Xog1, - Xo) (X1, oo Xes Xy X0))
T c=0 Z:Cc

_zr: 7! (n—r)! 7"!(n—7“)!C

cdir—c)l(r=o)l(n—2r+¢)! n!

Comment on summation: we have (’;) many r-tuples. For each r-tuple 3, we choose the other
r-tuple 5’. If 3 and 3’ are disjoint, then the summand is zero. If they overlap with ¢ elements ((Z)
many of such), we need to choose the other r — ¢ elements in 3’ from the remaining n — r elements.
Also, (.’s are consistent with the (; in the statement of the theorem, and they are bounded.

The first term of the summand is then

r—1 terms
r2(n —r)!? n—r—(r—2)--(n—r r?
(r— 1)!2((71 — 27)“ + l)ln!cl - Tz( n(n — 1() . (31)_ 7“(+ 1) )Cl =1+ 0(1))g€1

n terms

Similarly, for the second term,

r12(n — 7)1
2(r —2)12(n — 2r 4+ 2)In!

CQZT2(r—1)2C2(n—r—(r—3))~~(n—r) :(9(1)

2 nn—1)---(n—r+1) n2

Later terms are also in the form of O (%), so Var(U) = (1 + o(1)) Var(U)) + O (#), which

. . Var(U)
implies that Var(0) — 1.

P

With this, by the Co-Convergence Theorem, we have — 0.

u—9 U
\/Var(U) \/Var(U)
v-6 U
\/Var(U) \/V&I‘(U)

VRO —0) - U+ o)+ 00
Va+o)=s + o(d)
VAW a0y VR e 4 06

Ji+o) + o) V1 +0(1) 25+ 0()

n2

=)

— 0 p.w.

=Va(U ——U) 50
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4.2.3 Example (Kendall’s 7)

{(X;,Y5) 1, are i.i.d. pairs.

4
Let 7T := nn-1) 21§i<j§n ]1{(Xi_Xj)(Yi_YJ’)} - L

so 7 + 1 is a U-statistic with kernel

Xi Xo
" <[Y1] ’ [Y2]> = X 0a-m)

Let 0 = E[h] = P((X; — X3)(Y1 — Y3) > 0).

By the theorem, we have /n(7—E[7]) 2 N(0,4¢;), where ¢; = Cov (h <[)§11] , [ig;]) h ([);11] , [i%]))

Consider the null case, where X; 1l Y; within each pair. Then

En (250122 = 2p(x = X0)(vi — Vo) > 0)
(] B2

=2[P(X; > X9)P(Y] > Y2) + P(X; < X2)P(Y1 < Y2)]
11 11

N P |
x5 5t573)

4 n
E[T] = 71(71—1)(2>]P>((X1 — XQ)(Yl — YQ) > O) -1

4 _
_ n(n 1)1_1:0
nn—1) 2 2

a=cor(n([5e] ) (G- B3])
= 4P((X; — Xo)(Y1 — Y2) > 0and (X; — X3)(Y; — ¥3) > 0) — 1
= 8[P(X; > Xo,Y; > Yoand X; > X3,Y] > Y3)+
P(X1 > Xo2,Y1 >Ysand X1 < X3,Y1 <Y3)] -1
= 8(P(X; > Xoand X1 > X3)2 +P(X3 > X1 > X3)?) —1 since X; 1L Y]

Since this is only about ordering, we can think of them as i.i.d. U(0, 1).

1 1
1
P(X; > Xoand X; > X3) = / P(X3 < U)P(Xs < u)du = / u’du = 3
0 0
1 1 1
P(X5> X1 > Xy) = / P(X3 > u)P(Xy < u)du = / u(l —u)du = G
0 0

soC1:8(54—3*16)—1:%’and\/ﬁTaN(O’%)'

4.3 Two-sample U-Statistics

4.3.1 Definition

Definition 4.9 (Two-sample U-Statistics). X1,. .., Xn ‘%" F independent of Y1, ..., Ym "“& G. Let

h(zi,..., 2, y1,...,Ys) be seperately permutation invariant with respect to the first r arguments and
the last s arguments. Then

Uz(n)l(m) 3 Y h(Xayee Xan Yaeeoo, V)

r/\s/) 1<a1<...<a,r<n 1<41<...<Bs<m

is a two-sample U-Statistics with kernel h.
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4.3.2 Hajek Projection
Definition 4.10. Ler 0 = E[h(X,..., X,,Y1,...,Y})]. The Hdjek projection of U — 0 is then
r n S m
U= th(xi) + = Zho 1(Y5)
i=1 j=1
where
hLo(J}) = E[h(aj‘,Xg, e ,XT, Yl, . ,Ys)]
hO,l(y) = E[h(Xla aXﬁy?YQa- 7Y:9)]
o Xe Y1,

4.3.3 Theorem
Theorem 4.11. Suppose that N = n +m, 1 — XA € (0,1) and E[(h(X1,

Then\/]V(U—G—U)KOand
\/N(U—H—U)P»N<O, X

(10 . s%Co1
1—X

"X’]{’7Yr1/7y2/7"'7)/t9/))

7}/:?)7h(X17X£7 .
'aX;7Y17Y2/7"'?}/!))

where
LX Y,
,Ys), (X1, X3, ..

CLO = COV@(h(Xl,XQ,..
CO,I = COV@(h(Xl,XQ, ce ,XT»,Yl,YQ, ce

and the X’s and Y ’s are all independent.

,Y5))?] < oo.
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S Asymptotic Relative Efficiency of Tests

5.1 Asymptotic Power Function

We have a hypothesis testing problem Hy : 6 € Og v.s. H; : § € O5. The test is that we reject Hy when
the test statistic 7;, € K,,, the rejection region.

Power function is defined as 7, (0) := Py(7T,, € K,,), where § € © = Oy U O;.

5.1.1 Asymptotic Level-a Test

Definition 5.1. A test is asymptotic level-« test if lim sup sup 7, (0) < .
n—oo #eBg

This means that you have control of Type-I error.

5.1.2 Consistency

Definition 5.2. Given a sequence of tests that is asymptotically level-« for some pre-specified o € (0, 1),
it is consistent if lim m,(0) = 1 forall § € ©;.
n—oo

Being consistent is a rather weak property. There are many consistent tests for the same problem.

5.1.3 Local Alternative Sequence

Pick a sequence {6,,} C ©; such that d(6,,, ©¢) := 1,, — 0 as n — oo. Our interest is in finding the
fastest vanishing rate for v, such that lim m,(6,) > «.
n—00

If ©9 = {0y}, and the parametric family of distributions is q.m.d., then 1,, =< % So, to compare
different sequences of tests, it reduces to compare how “soon” a desired power can be achieved along a

sequence of local alternative at a given level a.

5.1.4 Slope of Tests with Asymptotic Normal Test Statistics

H0:0:OV.S.H1:9:%

h
Let 7(h) = lim 7, (—), ing that the limit exists.
et w(h) Jim 7 (\/ﬁ) assuming that the limit exists
Theorem 5.3. Let 1, 0 be functions of 0 such that:
V(T — plbn)) )\
o (6)

If  is differentiable at 0 and o is continuous at 0, then the asymptotic level-« tests that reject Hy for
large values of T, satisfies

for any h, define 0,, = b under ]P’gn, we have

& (0,1)

el HO)
m(h) =1—®(zq h0(0)>

where % is called the slope of the test.
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Proof. Under Hy, we have W 2N (0,1). So an asymptotic level-« test is equivalent to

rejecting Hy when /n(T,, — u(0)) > (0)z, + op(1). Hence,

h
- (ﬁ) =P 4 (VAT ~ 4(0)) > 0(0)z + 0p(1)

=P Zo
G\ el o) a(Z)/vm
- (- h/;((g)))

The larger slope, the better test we have.

5.1.5 Example

X,..., X, i f(x — @), where f is symmetric about 0.

Test #1: T;, = % where S is sample standard deviation.

(T, — %/U) 2 N(0,1). ¢/(0) = L and (0) = 1, which implies that slope is equal to 2, where
o? = [2%f(z)dx.

Test #2: S = 1377 Igy~0p

Then, pp = Pp(X1 > 0) = Po(X; > —0) = P(X; < 6) = F(0) by symmetry. 02(0) = F()(1 —
F(6)), which implies that 11/(0) = f(0),(0) = 1. So slope is equal to 2(0).

We provide the following two concrete examples:

1.2

(@) f(z) = 7= 2"

2

Slope of #1 is 1 and slope of #2 is 2

(b) f(z) = ge 7.

Slope of #1 is == and slope of #2 is 1.

V2

5.2 Pitman Asymptotic Relative Efficiency
5.2.1 Setup

Hy:0=0vs. Hy : 8 = 0,, where v is the “time” index, and 6, — 0 as v — oo.

We require our tests to attain asymptotic level o and asymptotic power v € (a,1), where v =
lim 7, (6,)

V—r 00

We see two sequences of tests, the better test achieves ~y sooner than the worse one.

There are three moving parts: the sequence of alternative hypotheses, the level o, and power ~y. They
characterize a test with asymptotic behavior.

Now we fix a and ~. As a result, we just have the sequence of alternative hypotheses moving (which
sends 6, to the null hypothesis), then we compare how large n,,1 and n,, 2 are required for two sequences
of tests to achieve « and ~, respectively.
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5.2.2 Definition

Definition 5.4 (Pitman Asymptotic Relative Efficiency). Suppose at least n,, 1 and n, > observations are
needed for two sequences of tests to achieve asymptotic level-a and asymptotic power v along the same

sequence of 0. Then if exists, lim —2= is the Pitman asymptotic relative efficiency of test sequence 1
V—00 ’)’LV 1

over test sequence 2. If this limit is greater than 1, then sequence 1 is better.

5.2.3 Theorem

Theorem 5.5 (Piteman ARE & Slopes of Tests). Consider statistical models {P,, ¢ : 0 > 0} such that

HPn,Q_IPn,OH _/’pn79—pn70‘du—>0

as 0 — 0 at each fixed n (so that the alternative hypothesis Hi can go to null).

Let T, ;,i € {1,2} be two sequences of test statistics such that

Tni_ 1\Un
() Tni =00 D a0 1) underp,,
0_1(9”) »Un

for every sequence of 0, — 0 as n — oo, where p,(0) > 0 and 0;(0) > 0. Then,

(i) the Pitman ARE of tests that reject Hy for large values of T, ;(i € {1,2}) is equal to

[uam)/al(mr
145(0)/2(0)

which is independent of o« > 0 and v € («, 1) as well as 0,,.
(ii) If power of T, ;-based tests are monotone in 6 at each fixed n, then it suffices to have (x) for
0, = % for all fixed h > 0.
Proof. Step 1:

Fix a7, and 6, — 0. Let n; , and ng, be our sample sizes for level-« tests to achieve power «y at 0,,.
Now we show that for any i € {1,2}, n,; — oo as v — oc.

Fix n, by assumption, we know ||P,, g, — P, || = 0 as v — oco.
The sum of type I and type II error probability of a test that has rejection region K, is
dPn,U -+ dPn,GV
Kn K¢
=1+ / (Pn0 = Pnyg, )dpt
Kn

21 + / (pn,() - pn,@u)d,u
{pn,0<pn,9u}

1
=1-— §\|Pn,9V —Ppoll =1 asv— o0
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But type I and type II error should be v + 1 — v < o + (1 — ) = 1, so we need n,, ; = 400 in order to
avoid contradiction. To get the last line above, we can let

A= (Pn,0 — P, )dp, B = / (Pn,0 — Pn.g, )di
{pn,0<pn,0y} {pn,OZPn,QV}

and solve from A+ B =0and B — A = ||P, 5, — Ppnol|.
Step 2:
Under hypothesis Py,,, ; 0, as v — oo,

T, — 1i(0) D
nV,ZTO) ~ N(07 1)

and we reject Hy if
VTwi(Tn, ; = 1i(0)) > 0i(0)za + 0p,, (1)
so the power for each i is

a(
Trnu,i(aV) =1-o <Zoc - \/mey'ul( )> +o(1) )
which converges to v by assumption. Hence, we have

o (0)
Za ,/n,,ﬁl,gi(o) — 2y

!
(0
SO /n,,,iG,,“%E ) — Zq — %y as v — 00. Thus,

a;(0)
o <u:1(0)/01(0))2
2

ny,1

Step 3:

Power functions are monotonously increasing in . At each fixed sample size n, () holds for ,, = %,

Vh.

Tn,i(On) = a if v/nb, — 0
Tn,i(On) = 1 if /nb, — oo

Hence, everything interesting should happen at rate ﬁ O

5.3 Bahadur Asymptotic Relative Efficiency

In general, we have three parameters to vary: the sequence of alternative values 6, significance level «,
and power . Now we fix # and ~, and let o | 0 as n T oc.

5.3.1 Definition

Definition 5.6 (Bahadur Asymptotic Relative Efficiency). Bahadur Asymptotic Relative Efficiency is
defined as

lim n2(041/7’7> 9)

v=o0 ny(ay,,0)

where o | 0 as v 1 oo, and v and 0 are fixed. The testing setup is simple v.s. simple.

The reason we want to study this is that we could have made tail behavior bad while maintaining other
certain desired behavior.
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5.3.2 Preliminaries

For each n, a test statistic T}, is used for the hypothesis testing Hy : 0 = 0v.s. H; : 0 =6, > 0.

Suppose that we reject Hy for some large values of 7}, and tat

(i) —2logPy(T,, > t) — e(t) for all t > 0 for some function e(-). This function e is about tail
behavior.

(ii) Ty, — p(0) under Py.

5.3.3 Theorem

Theorem 5.7. Suppose you have two sequences of statistical models {Py, o} and {P, ¢}, with two
sequences of test statistics {T,,;} (i € {1,2}) that satisfy conditions (i) and (ii) above with functions
ei(+), i(+) (1 € {1,2}), e; being continuous at p;(8).

Then the Bahadur Asymptotic Relative Efficiency of tests that reject larger values of T, ;’s is equal to

e1(p(9))
e2(p2(0))

forevery a,, | 0 and every 1 > v > sup,, Py(pn,o = 0).

Discussing the set {p,, o = 0} is trivial because you can always reject the null hypothesis on it.

Proof. Step 1:

To show that n,; T oo as v T oo, suppose that n,, stays finite. Then there exists an n € N fixed and a
sequence of tests with levels going down to 0 and powers at least ~.

Index this sequence by m = m,,, each with rejection region K,,. So a,, = Po(K,,) — 0as m — oo.

Y= Pn,O(Km) = Pn,Q(Km N {pn,O = O}) + Pn,G(Km N {pn,O 7é O})
< Py o({Pn,00}) + 0m(1)
< S%p Pn,@({pn,o = 0})

which is a contradiction. The reason why the second term is 0,, (1) is the following:

Pn,H(Km N {pn,O 7é 0}) = / pnﬁdﬂ
Kmﬁ{pn,07éo}

Pn.o
= / pn,Od,u
Kn{pn 070} D0

Pn.o

=K 1g, 1 —
mo[ Km {pn,osﬁ(]}pn’o

As the significance level approaches 0 as m approaches infinity, under Py, o, E,, o[1x,, ] % 0. So this term
is of 0,,(1).

Step 2:
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Since we reject when the test statistics are large, there exists ¢, ; for each n € Nand 7 € {1, 2} such that

the rejection region is {Tm > cm} Define the corresponding p-values as
Ln,i = ]P)n,O(Tn,i > tn,i)

where t,, ;’s are the observed values of those testing statistics. Hence, we reject if L, ; < a,.
By the definition of n,, ;, we have

2 2 > if n> ;
Pn,@(_* log Ln,i 2 - 1Og CM,/) {_ 7 . "= nl/,l
n n <7 if n<ny;

Meanwhile,

2 2
——log Ly, ; = ——log Py, o(Th,; > t,,;) by definition
n n

2
= ——log Py, o(Th,; > pi(0) + op, ,(1)) Preliminary (ii)
n :

5 ei(pi(8)) under I, y by Preliminary (i) and continuity of e(-)
So, since v > 0,

lim —
vV—00 nl/,i

log o, < e;(1i(0))

and since v < 1,

T logay > ei(1i(0))

These imply that n,; = (1 + o(1)) [—261-1851-?5))} =

5.3.4 Cramér—Chernoff Theorem

LetY1,..., Y, beii.d. copies of Y, and let K (u) = log E(e"Y) be its cumulant generating function. For
t > EY, the Cramér—Chernoff theorem gives

n—oo N

1 1
1 1 S b
lim — logP (n ZlYZ > t) i}gf(‘){K(u) tu}
1=
Equivalently, if K'(u;) = t, then the Bahadur exponent is
e(t) = 2{tuy — K(uy)}.
5.3.5 Likelihood Ratio Test

Consider Hy : 0 = 0y versus H; : 8 = 0. The likelihood-ratio test rejects for large values of

1< o, (X4)
T,=—) log—= .
" n ; Po, (XZ)

Under Hy, for Y = log(pg, (X)/pe, (X)),
K(u) :log/ <p91($)> po, () dp(x).

Do, (:C)

Furthermore,

Po, (X
0o (X)

0

~—

K'(1) = Eg, log = u(61) = Dxr(Fo, [ Fy,),  K(1) = 0.

Thus v = 1 optimizes the exponent at t = p(61), and

e(u(0h)) = 2p(01) = 2Dk (P, || Pa, )-
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5.4 Rescaling the Power Function
5.4.1 Definition

For Hy : @ = 0 versus Hy : 0 = h/\/n, define

M(h) = lim II, (;ﬁ) :

whenever this limit exists.
54.2 Lemma
For probability measures P, () with densities p, ¢ with respect to u, define
1P=@Ql = [ Ip—dldn< 0.2
Lemma 5.8 (Testing error and L, distance). For every test ¢,
1
T1(6) = 11(60) < 5 1Py — Pyl
Equality is attained pointwise by ¢ = ﬂ{pezpeo}'

Proof.

(o) = / ¢(po — pa,)

/ (Po — po,) di
{po>pa }

/ |pDo — po,| dps.

In the classical setting

Hy: Xp,..., X, "% Py, Hy: Xy, X, & By

n

there are three regimes:

() [|[Pg — P || — 2: easy (power — 1 and level — 0);
(i) [P, — Py || — 0: hard;

(iii) the distance stays in a compact subset of (0, 2): intermediate.
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5.4.3 Hellinger Distance

The Hellinger distance, convenient for independent samples, is

1/2
1rQ) = [o-varan) .
Writing A(P, Q) = [ /pq dp for the Hellinger affinity,

For product measures,
A(P", Q") = [A(P,Q)]",
and hence "
H*(P",Q") =2 —-2[A(P,Q)"=2—-2 [1 - %Hz(P, Q)} .

544 Lemma
Lemma 5.9 (Connection with L distance).
H2(P,Q) < |P — Q|| < min{2H(P,Q), 2~ A%(P,Q)}.

Thus
HA(P",Q") < ||P" = Q"|| < 2H(P", Q").

Consequently:

() if nH?(P,Q) — 0, then || P" — Q™| — 0;
(i) if nH?(P, Q) — oo, then || P" — Q"|| — 2;
(i) if nH?(P,Q) — ¢ € (0,00), then

H?(P", Q") — 2 —2e~? € (0,2).
Proof. The first inequality follows from

Jop=varaus [1p-dan

Since pg < (p + q) min{p, ¢}, Cauchy—Schwarz gives

2. < ([ w+aydn) ( [minto.ayan) =2(1- 1P~ l).

IP-Ql =/|@— Vil (/P + Va) dp

Finally,

< H(P,Q) ( [+ ﬁ)zdu>1/2 <20(P.Q).
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5.4.5 Example (parametric)

Consider N -
Ho: X1,.o, X S N(0,1),  Hi: X, Xo & N(6, 1).

For P = N(0,1) and Q = N(6,,1),
AP,Q)=e /8 nHX(P,Q) = 2n(1 — e %/%) = Z0(1 4 o(1)) = nb?.

Thus the nontrivial testing rate is 6,, < n~1/2,

5.4.6 Example (nonparametric)

Suppose
Y; = f(i/n)+0Z;, i=1,....n,
where Z; "K" N(0,1) and f is L-Lipschitz: |f(z) — f(y)| < L|x — y|. Consider
Hy: f(1/2) =0 versus Hy: f(1/2) > 0,.

The least favorable alternative is a triangular bump centered at 1/2, of height 6,, and width of order 6,, /L.
Hence roughly n#f,, observations have a mean difference of order 6,,, so

A (é P, (éi@) = e—Cnei, H? (é p;, é@z) — ] _ = Cnby
1= = he <

The intermediate regime requires nf> < 1, giving

0, = n~1/3.

5.5 Testing in a q.m.d. Family
5.5.1 Abstract Theorem

Let &, = {P, : h € 1} converge to the limit experiment & = { P}, : h € H}. If power functions I,
of tests in &, converge pointwise, II,,(h) — II(h) for every h, then II is a power function in the limit
experiment. This follows from LAN.

5.5.2 Concrete q.m.d. Theorem

Theorem 5.10. Suppose {FPy : 0 € O} is g.m.d. at 0y € @ with nonsingular Fisher information Iy,. Let
1+ © — R be differentiable at 0y, with nonzero gradient g, and 1)(0y) = 0. For the power function I1,,
of any sequence of level-« tests of

Hy:¢(0) <0 versus Hy :¢(0) >0,

and every h such that ¢9T()h > 0,

h E h
lim sup II,, (90+\F> <1-9 za—L
nree " b Iy, e,
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Tests that reject for large values of

Vi Ty Dro RN
=+ 0P00(1)> Anby = —= Zeeo(Xi)v

" V& I e,

attain the bound; these are score tests.
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6 Empirical Processes

6.1 Stochastic Convergence in Metric Spaces

6.1.1 Motivation

Lid. . .
Let X1,..., X, <~ F, where F is continuous, and let

~ 1 &
=1

be the empirical distribution function. For every fixed x, the strong law of large numbers gives ﬁn(x) —
F(z) almost surely. We are often interested in uniform statements such as

sup |[Fy(z) — F(z)| = 0 a.s.

More generally, for a class G of functionals on distribution functions, we study
sup |g(Fn) — g(F)|.

The relevant measurability and convergence questions depend on the class G.

At a fixed z, the central limit theorem yields

Va{Fu(x) - F(x)} 2 N0, F(z){1 - F(2)}).

To formulate a corresponding result uniformly in x, one must regard the empirical process as a random
element in a function space.

Brownian motion illustrates the same issue. If B,,(t) = n~'/2W (nt), then its finite-dimensional distribu-
tions agree with those of Brownian motion, whose increments satisfy

B(t+ At) — B(t) ~ N(0, At), B(t) — B(s) 1L B(v) — B(u)

for disjoint time intervals. Convergence of finitely many coordinates alone is not enough; we need
convergence of random functions.

6.1.2 Metric and Normed Spaces

Definition 6.1. A metric on a set D is amap d : D x D — [0, 00) satisfying symmetry, the triangle
inequality, and d(x,y) = 0 if and only if x = y. If the last condition is omitted, d is a semimetric.

The open ball of radius r centered at z is B(z,7) = {y : d(z,y) < r}. A setis open if it is a union of
open balls and closed if its complement is open. We write x,, — = when d(x,,, ) — 0. The closure S
consists of all limits of sequences from .S; S is dense in D if S = D.

A metric space is separable if it contains a countable dense subset. It is compact if it is closed and every
sequence has a convergent subsequence, and fotally bounded if, for every € > 0, it can be covered by
finitely many e-balls.

Definition 6.2. A norm on a vector space D isamap || - || : D — [0, 00) such that

[z +yll <zl +llyll, — llexll = lalllzl,  llz]l =0+ z=0.
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6.1.3 Borel o-field and Borel Measurable Maps

The Borel o-field B(D) of a metric space (D, d) is generated by its open sets. A map f : D1 — Dy is
Borel measurable if f~1(A) € B(D;) forevery A € B(Ds). A random element X : (2, F,P) — (D, d)
is measurable if X 1(A) € F for every A € B(D).

Important examples include:

(i) For an arbitrary index set T,
(°(T)={z:T = R:suplz(t)| < oo}, llz]|7 = sup|z(t)|-
teT teT
For infinite 7" this space is generally nonseparable; in particular, the full space £°°(7") is separable
only when 7' is finite.

(ii) For T = [a,b],
Cla,b] C Dla,b] C £*°[a, b,

where D|a, b] is the Skorohod space of cadlag functions. The uniform norm is naturally used on
Cla,b].

(iii) If (7T, p) is totally bounded, write UC(T', p) for the uniformly continuous functions z : 7" — R.
Then UC(T, p) C £>°(T).

(iv) On the extended real line [—00, 00|, one may use
d(z,y) = [2(z) — (),

where @ is the standard normal c.d.f.; this makes the space compact.

6.1.4 Outer Probability and Outer Expectation

A map into a nonseparable function space need not be measurable. For an arbitrary function Z : Q — R,
define
E*Z = inf{EU : U is measurable, U > Z, EU exists},

and
E.Z = sup{EU : U is measurable, U < Z, EU exists}.

Outer probability is P*(A) = E*1 4.
Let X, : ©,, — D be arbitrary maps and let X : 2 — D be Borel measurable. We say
X, 2 X
if E*f(X,,) = Ef(X) for every bounded continuous f : D — R. We write X, 5 Xif
P*{d(X,,X) >e} =0 (e >0),

and X,, — X outer almost surely if there are measurable A,, with d(X,,, X) < A, and A,, — 0 almost
surely.
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6.1.5 Tightness and Asymptotic Measurability

A Borel random element X is tight if, for every € > 0, there is a compact X' C D such that P(X ¢ K) <
e. A sequence { X, } is asymptotically tight if, for all ,0 > 0, some compact K C D satisfies

lim sup P*(X,, ¢ K°) < ¢, K° = {y:d(y,K) < 8}.

n—oo

It is asymptotically measurable if
E*f(Xn) —E«f (Xn) = 0
for every bounded continuous f : D — R.

Theorem 6.3 (Prohorov). Let X,, be arbitrary maps into a metric space.

(i) If X, 2 x for a tight Borel random element X, then { X,, } is asymptotically tight and asymptoti-
cally measurable.

(ii) If { X, } is asymptotically tight and asymptotically measurable, then every subsequence has a further

subsequence converging weakly to a tight Borel random element.

The Portmanteau theorem and the continuous mapping theorem continue to hold with outer probabilities
and expectations in this framework.

6.1.6 Stochastic Processes and Weak Convergence

A stochastic process X = {X; : t € T'} is a collection of random variables on one probability space. For
fixed w, the map ¢t — X;(w) is a sample path. When all paths are bounded, X may be viewed as a map
into £°°(T).

Theorem 6.4 (Weak convergence of stochastic processes). Let X, : ,, — ¢>°(T'). Then X,, converges
weakly to a tight random element X if and only if:

(i) for every finitety,... ty €T,
(Xn(t1), ..., Xn(tn) = (X(t1), ..., X (t));

(ii) for every e,n > 0, there is a finite partition T =T} U - - - U Ty, such that

lim sup P* <max sup | X,(s) — X, (t)| > 6) <.

n—00 v s teT;

6.2 Symmetrization and Chaining
6.2.1 Preliminaries

Our goal is to bound the maximal deviation of a sum of independent stochastic processes from its mean.
Let

Slw,t) =Y filwit),  Mu(t) =ESu(t), A, = sup S (t) — My, (t)).
i=1 S
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For a convex increasing function ¥ on R, introduce the Rademacher process

b w = Sup E b 1 wi, t)|,
( teT o
where bl, N bn are i.i.d. Rademacher variables.

For fixed n, this is governed by the subset
Fo = {(fl(wl,t), .. ,fn(wn,t)) it e T} c R™.
6.2.2 Symmetrization

Theorem 6.5 (Symmetrization inequality). For every convex increasing ¥ : R; — R,

E*U(A,) < E*U(2L,).

Proof. Let w' be an independent copy of w. Jensen’s inequality gives

<sup Z{fl Wi, t fz( )}‘> :

The differences are symmetric, so Rademacher signs may be inserted. The triangle inequality then bounds
the last display by E*W(2L,,). O

Z{fl wi, t Efl(wla )}‘> <E*w (sup

6.2.3 Orlicz Norms

Let ¥ be convex and increasing on R, with 0 < ¥(0) < 1. The Orlicz norm of a random variable Z is
| Z]|w = inf{c > 0: E*V(|Z]/c) < 1}.
Write LY = {Z : | Z||y < oo}, identifying random variables that are equal almost everywhere.

Lemma 6.6. Let U(z) = ¢*” — 1. For fixed b, f € R™,
10, AMllw < 2| f]2-

Proof. Let g; PN N(0,1) and r = E|N(0,1)| = \/2/. Jensen’s inequality and the Gaussian moment

generating function show that

oxp 4 (Zibifi\” 1
By p{( cr >}§\/1—2HfH%/(02r2)'

Choosing ¢ = 2|| f||2 proves the claim. O
Lemma 6.7. For arbitrary random variables 71, . .., Zp, and ¥(z) = * — 1,
<W/2+41 Zil|lw-
2, VAl = v rloem o 170

This follows by the union bound and the tail-integral representation of expectation, choosing the normal-

ization constant /2 + log m.
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6.2.4 Chaining

For Ty C T, define the packing number D(e, Tp, d) as the largest cardinality of an e-separated subset of
To, and the covering number N (e, T, d) as the least number of closed e-balls covering Tp. They satisfy

N(e, To,d) < D(g, Ty, d) < N(g/2,Tp, d).

Lemma 6.8 (Chaining bound). Let (T, d) be a bounded metric space and ty € T. Suppose the process
Z ={Z(t) : t € T} has continuous sample paths and

12(s) = Z(t)[lw < d(s,t).

With 6 = sup,cr d(t, to),

) ;
sup 20| < 120l + Y 55y/2+ 108 D6/241 T,
v i=0

Proof. Let §; = §/2% and choose nested finite nets 7; with |T;| < D(6;, T, d). For each t € T} select
mi(t) € T; with d(t, m;(t)) < ¢;. Iterating

Z(1t)| < Z(t Z(t) — Z(mi(t
trenTE}fll ()!_gg?l ()|+tI€nTE;_LfII (t) — Z(mi(t))]

and applying the preceding maximal Orlicz inequality yields the result. O

6.3 Packing Numbers of Sets in R"
6.3.1 Affine Subspaces and Coordinate Projections

Lemma 6.9. If F lies in a V-dimensional affine subspace of R™ and has diameter at most R, then

D(e, F) < (2R/e)V.

For I = (i1,...,ix), the map
(1, yxn) = (Tiy, oo, Tiy)

is a k-dimensional coordinate projection.

Definition 6.10. For a class F of real-valued functions on X, its pseudo-dimension Pdim(F) is the
largest V for which there exist x1, ..., xy and yy, . .., yyv such that every binary vector b € {0,1}V is
realized by some f € F through

fx) >y <= b, =1, i=1,...,V.
Lemma 6.11. If, for every m >V and every x = (x1,...,Zy,), the set
Fo={(f(@1),.... f(&m)) : f € F}
lies in an affine subspace of dimension at most V, then Pdim(F) < V.

Lemma 6.12 (Growth bound). If Pdim(F) = V, then for any k >V, any x1, . .., zy and thresholds

y ,...7yk, at most
j

j=0
binary patterns of the form 1 (y,)>y,;} can be realized.
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6.3.2 ¢, Packing Bounds

For z € R™, write ||z|[y = Y, |zi|. Abox is A =[]}, [cv, 5] and has ¢;-diameter Y _.(5; — ;).

Lemma 6.13 (Random coordinate projection). Let F lie in an ¢1-box of diameter 1 and contain m points
whose pairwise {1 distances are at least €. If

k= [2e logm],
then some k-dimensional coordinate projection of F occupies at least m orthants.
Proof. After rescaling, write the box as [[,[0, p;] with Y, p; = 1, partition [0, 1] into intervals of lengths
p;, and sample k independent uniform points. Each sample produces a coordinate and a threshold. Two
e-separated vectors fail to be separated by all k thresholds with probability at most (1 — £)*. A union

bound over the (7;) pairs is strictly less than one for the displayed choice of k, so a separating projection
exists. O

Theorem 6.14. [f F has pseudo-dimension V and F, = (F(x1),..., F(x,)) is an envelope vector for
Fo={(f(z1),..., f(zn)) : f € F}, then constants A, W, depending only on V, satisfy

Di(el|Fyll1, Fu) < A(1/e)Y, 0<e<l.

Indeed, normalize F, by 2||F;||1. If m points are e-separated, the projection lemma and the growth bound

give m < Z}/:o (";) < (14 V)* with k < e~!log m, which rearranges to the stated polynomial bound.

The same conclusion holds after coordinatewise rescaling: for every a € R"},

Di(ella ® Fyll1,a © Fp) < A(1/e)V.

6.3.3 Consequences for /5 Packing Numbers

For any bounded & C R" with envelope vector F,

52 52
D <Di|—,F < Do| =——
67201 (5.7 07) < 1 (g, 7).

because
If=glls <20F O f—-Fogll <2|F|2llf - gll-

Consequently, under the assumptions above, there exist constants Ay, W5 depending only on V' such that

D(ella ® Fyll2, 0 ® Fy) < As(1/)"2.

If two function classes F and G each have pseudo-dimension at most V/, then the classes F UG, F V G
and F A G have pseudo-dimension bounded by a constant multiple of V. Corresponding packing bounds
are stable under products and coordinatewise rescaling.

Finally, if 7 C By(1) and

co(F) = {ZMfiiAi >0, Z)\izl, fz’E}—},
=1 i
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then polynomial entropy of F implies a stretched-exponential entropy bound for its convex hull: for
suitable constants C, 7 > 0,

Dy (g,co(F)) <exp{(C/e)"}, 0<e<l.

One proves this by choosing a maximal net of F, replacing every finite convex combination by the
corresponding combination of net points, and then covering the resulting simplex in coefficient space.

More explicitly, let . be an €5-net of F, where 3 = 2/(2 + W). Partition F into cells Fy, ..., E,, of
¢5-diameter at most £°, and write a convex combination as

- 0
Z 9ff=;>\iei, Ai = Z Of, e = Z )Tff-

fEF: fEE; fEE;

For a fixed weight vector ), approximate each e; by the average of n; independent draws from its
representing distribution, where n; =< )\%5_2“5. Since

2 1: 2 )
E ||hie; — AY)s < X diam™(Ey)

ng

the total squared approximation error is of order 2. Counting the possible discretized weight vectors and
sample averages gives, for every 7 > 2W /(2 + W),

log Da(e,co(F)) Se .
6.4 Uniform Laws of Large Numbers

Let f1(w,t),..., fn(w,t) be independent processes, with separable envelopes F1, ..., F,, and put

n
Su(t) =D filt),  My(t) =ES,(t).
i=1
Theorem 6.15 (Uniform law of large numbers). Suppose that, for every € > 0,

(i) there exists K < oo such that

n
%ZE[EH{FpK}] < e foreveryn;

i=1
(ii) with
Frw = {(filw,t),..., fa(w,t)): t € T}, Fow= (F1(w), ..., Fy(w)),
one has
log Dl(&—HFn,w”ly‘Fn,w) = o]p(n).
Then
1 P
—sup |S,(t) — M, (t)| — 0.
N ter

Proof. Fix ¢ > 0, choose K as in (i), and truncate f = f;1(F,<x}. The contribution of f; — f is
bounded in outer expectation by

2 n
=Y ElFlpsK) < 2

i=1
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By symmetrization, the truncated part is bounded by a Rademacher process. For fixed w, choose an
el|Fnwll1-net Dy, o, of F, .. Then

1 € 1
- < = - .
n]Ebfsup [{b, f)] < nHanHl + nEb fglgj,{w |(b, )]

€S n,w

The maximal Orlicz inequality gives

1 1
CEy i [(b ) S 5 max [f]y/2+ log | Dyl

Since || f||2 < K+/n after truncation and log | D,, ,,| = op(n), this term converges to zero. Letting ¢ | 0
proves the assertion. 0

6.4.1 Consistency of M-estimators

Let © be a metric space and let
1 n
M(0) = — z;mﬂ(Xi)-
i

An estimator satisfying

M, (8,) > sup My, (6) — op(1)
0cO

is called an approximate M-estimator.

Theorem 6.16 (Consistency of M-estimators). Let M, be random functions and M a deterministic

function on ©. Suppose

sup | My, (6) — M(6)] = 0

0cO

and, for every € > 0,

sup  M(6) < M ().
(6:4(6,80)>¢)}

. L . ~ P
Then every approximate maximizer 0,, satisfies 6,, — 0.

Proof. Uniform convergence and approximate maximization imply

~

M(0) = M(Ba) < 2509 [My(0) = M(0)| + 02(1) = 0.

The separation condition then forces P{d(@n, 0p) > €} — 0 for every € > 0. O

6.4.2 Example: the empirical distribution function

Take
fi(w,t) = ]l{Xi(w)gt}a t e R.
The envelope is F; = 1. For a fixed sample, the vectors
(Lixi<tpr - Lixn<}) 5 t €R,
form a monotone chain with at most n 4 1 distinct elements. Thus the empirical packing entropy is

O(logn) = o(n), and the preceding theorem gives the Glivenko—Cantelli conclusion

sup |F,(t) — F(t)] - 0.
teR

Equivalently, one may partition the real line into intervals of small F'-probability and use a Chernoff
bound plus a union bound to construct an explicit finite cover.
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6.4.3 Example: least-squares estimators

Let © = [— Ky, Ko| and

0, = argmin E

b0
For f;() = (X; — )2, an envelope is
F; = 2(X? + K?).

For fixed data,
{(XF —2X10+6%,..., X2 —2X,,0+6°) : 0 € ©}

lies in the span of (X2)™,, (X;)™,, and (1,...,1), hence in a three-dimensional affine space. Its
packing entropy is therefore polynomial, so the uniform law applies whenever the envelope is uniformly
integrable.

6.5 Maximal Inequalities

For

Ap =sup[Sp(t) = Mp(t)],  On(w) = sup |[[fll2,
teT feFnw

define the entropy integral

—18/ logD2x~an)d

Theorem 6.17 (Maximal inequalities). (i) If J,(w) < K, for every w, then
2

(i) If || Jn|lw < oo for W(z) = e*” — 1, then

P*(A, > t) < 2V5exp <— HJtH ) :
n||¥

Suppose there is a deterministic entropy bound \,, such that

D2<$‘|Fn(w)||27fn,w) < An(x)y 0<zx < ].,

and set
:/0 \/de<oo.
Then 5o(@)
) < BIF @A () < 180, WIF )

Thus uniformly bounded envelopes give uniform sub-Gaussian behavior after n~'/2 scaling. If instead

sup; Ee"% < oo for some 77 > 0, then ||.J, ||y < v/n. which yields uniform sub-exponential tails for

A/ /.
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6.6 Functional Central Limit Theorem
6.6.1 Triangular arrays and manageability
Consider a triangular array

{fnilw,t):t €T, i=1,...,kp}, n=12...,

whose entries are independent within each row. Let F), ; be envelopes. The array is called manageable
with respect to F), if there is a deterministic capacity bound A satisfying

1
/ Viog A(z) dx < oo
0
and, for every nonnegative rescaling vector o,

Dy(z||la® Fr(w)|l2, 0 © Fnw) < A(z), 0<z<1.

Define the centered process
kn
Xy (t) = Z{fn,z (t) — Efn,l(t)}
i=1

and the intrinsic semimetric

kn 1/2
pn(s,t) = (Z E{ fni(t) — fn,i(s)}2> .
=1

Assume p(s,t) = lim, p,(s,t) exists.

Theorem 6.18 (Functional CLT). Suppose:

(i) the array is manageable with respect to F,;

(ii) the covariance limit
H(s,t) = lim E{X,(s)X,(t)}
n—oo

exists for every s, t € T';
(iii) limsup,, Y-, EF2 ; < oo
(iv) foreverye > 0,
> EIF1(F, e = 0;
i

(v) (T, p) is well defined and py, (S, t,) — 0 whenever p(sp,tn) — 0.

Then (T, p) is totally bounded, the finite-dimensional distributions of X,, converge to those of a centered
Gaussian process G with covariance H, and

X, %G ine>e(T).
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6.7 Applications to M-estimators
6.7.1 A uniform differentiability lemma

Lemma 6.19. Let © C R? be open and let 6 — mg(x) be differentiable at 0y for almost every x, with
derivative 1y, (). Suppose, in a neighborhood of 6,

[mo, () — mo, ()| < m(@)[l6r = 02,  Em*(X) < oo.

For every r, — 0o and every tight sequence h,,

fz[rn{mgﬁhn/,,,x i) = may(X:)} = Bl 1gy (X;) = E(-+-)| S 0.

The proof applies the functional CLT to A in a fixed bounded ball. A valid envelope is

Foi— j%{m(&) + gy (X0l

and the induced class has polynomial packing entropy because its parameter set is finite dimensional.

6.7.2 Rate of convergence

Corollary 6.20. Assume the preceding local Lipschitz condition. Suppose 6 — Pmy admits a second-
order expansion at §y = argmaxy Pmg, with nonsingular negative Hessian Vy,, and suppose

P,ms > P,mg, — op(n1), 0, — 0o.

On

Then R
Vn(0, — 6p) = Op(1).

6.7.3 Asymptotic normality
Theorem 6.21 (Asymptotic normality of M-estimators). Let © C R? be open. Assume:

(i) 0 — mg(x) is differentiable at 0y for almost every x, with derivative g, (z);
(ii)
1
Pmg = Pmg, + 5(9 — 60)" Vo (0 — 60) + o(]|6 — 6o]|),
where Vy, is nonsingular and negative definite;
(iii) O, = 0 and

P,mg > supPpmyg — O[P(Tbil).
" fcO

Then
V(0 — o) = —V, ! ngo )+ op(1),

and consequently

~ D _ . . _
V@, —00) 2 N (0, %OlP[mgomg()]VeOl) .
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Proof. Write h, = /n(6,, — 6) and

- 1 &
hn = — aolfz{m‘% — Pring, }-

The uniform differentiability lemma and the quadratic expansion give, uniformly for bounded A,
0 Y g %th@Oh + hT\} zn:{mgo (X;) — Privg,} + os(1).
[t
Completing the square yields
~ ~ 1~1

1 ~ 1
5thgoh — WV, by, = 5= ho) Vo (h = hy) — =h

. L . . . ~ = P .
Approximate maximality and negative definiteness of Vjp, imply h,, — h,, — 0. The multivariate central
limit theorem then gives the stated limit. O

6.7.4 Maximum likelihood as a special case

Suppose { Py : 6 € ©} is q.m.d. at an interior point f, and there is a measurable £ with Py % < oo such
that, locally,

| log pp, (x) — log e, (x)[ < £(x)]|61 — b2].

If the Fisher information I, is nonsingular and the MLE is consistent, the preceding theorem applied to
my = log py gives

V0, — o) = I 1IZ€9° i) +op(1) 2 N(0, I, 1),
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