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1 Chernoff Bound, Sub-gaussian Variables, Martingale Method

Readings: §2.1-2.6 in [Verl8], §3.1-3.2 in [vH14].

1.1 Chernoff Bound
Example 1.1. X1, ..., X, are iid Bernoulli(p). Fix ¢t > 0. By CLT, we have

1w 2
P —ZXi—PZt %1—(1)(1‘/ p(l—p)/n) zexp(_n—)'
= 2p(1-p)
By Cramér’s Theorem:
n
P (l ZXL —p 2 t) ~ e‘”D((l"”)”I’)’
ni=
where 1
—q q
D(qllp) = (1 -¢)log +qlog =
1 —p p
(g—p)?

for t < 1 and large n. When ¢ =~ p, the Taylor expansion is approximately 5p(i—p)"

We also care about the regime in which ¢ is chaning.

Can we not consider specific regime for ¢ and consider all ¢ € (0,1 — p) to obtain an asymptotic
bound instead?

1. Chebyshev / Markov inequality

/IQ:p(l_p)'

P(X-p>1) <P(X-p)*21*) <E[(X - p)’] —3

This result is poor because we could have achieved exponential decay.

7 = 1_ - 1 [p(1-=
n

It is hard to compute the k-th moment. Moreover this is still not exponential tail.

2. k-th moment.

3. Moment / Cumulant generating function

For any A € R, we have
E [e’l(X"'_p)] = e’ W — (1) = logE [e’l(Xi_p)] .

When 4 > 0,

n
P (1 le -p= I) =P (6’1(21{11 Xi—-p) > e/lnt)
n
i=1

< o [eaz;;l(x,-—p)]
= exp (—Ant + ny (1)) .
Here, the cumulant generating function () is

Y(d) =logE [e/l(x"_p)] =—-Ap +logE [e’lx"] =—Ap +log(l-p+ pe/l).



Optimize it over A, we have:

sup {4(1) =y ()} = D(p +1lip)) = F (% D Xi-p= t) < exp(=nD(p +1]|p)).
= i=1

We can abstract this argument to general random variables in the following:

Theorem 1.2 (Chernoff Bound). Let Xi,..., X, be iid random variables with E[X;] = 0, and let
¥ () = logE[eX1]. Define the convex conjugate ¥*(t) = sup5¢{At — ¥(1)}. Then,

1 n
P(;ZX,-Zt

i=1

<exp(—-my*(1)), Vt=0.

Example 1.3. e X; ~ Bernoulli(p) — p.
¥ (A) =log(1 = p +pe') =Ap, ¢*(1) = D(p +1lp).

e X; ~ Poisson(6) — 6.

w) =0t -1-2), ¥ ()= (t+6) log0+t —1.

[} Xi ~ /V(O,O’Q).
¥ () L2, W (1) A — 12202 e 1=t
=-A"0", =su — =A%) = —, = —.
2 /121:0) 2 202 o2

In fact, the main idea here is to control the growth of the cumulant generating function. The
notion of sub-Gaussian random variables formalizes exactly this kind of control, allowing us to obtain
bounds even in the absence of explicit formulas for ¢.

1.2 Subgaussian Variables

Definition 1.4 (subgaussian). A mean-zero random variable X is o-2-subgaussian if
1
E[e™] <72 = y(1) < 5/1202, VA eR.

Proposition 1.5. If X is mean-zero, o-2-subgaussian, then

2

P(IX| > 1) < 2¢ 307, 120,

Proof. Let A > 0. Note that

202

P(X 2 1) =P(e™ 2 e") < e "E[e™] < exp(-Ar +

).

2
Optimize over all 1 > 0, we get P(X > 1) < e 202 with A* = 4. For 1 <0,
o

202

P(X < 1) = P(e™® > ™) < eME[e™] < exp(Ar +

).

2
Optimize over all 1 <0, we get P(X < —1) < e 202 with A, = —%5. o
a

4



Remark 1.6. X is o?-subgaussian in the upper tail if E[e?X] < e’lQ‘Tz/Q, VYA > 0. In this case,

2

P(X >1) < ¢ 207

Theorem 1.7 (Hoeffding’s Inequality). If X1, ..., X, are independent, EX; = 0, and X; is a‘?—subgaussian
for each 1 <i < n, then Y/, X; is 2./, o>-subgaussian, i.e.,

n
2%

t2
<2exp|l-——].
i=1 22?:1 0'1-2

Proof. We show that 37, X; by definition VA € R,

n n n
B [etain] = [e (e = [ Tebo7 —exp (gﬂ Zag) |
i=1 i=1

i=1

P >t

i
Lemma 1.8 (Hoeffding). If X € [a, b] with probability 1, then X — E[X] is %—subgaussian.
Proof. Without loss of generality, we let EX = 0. For 1 € R,
¥ () =logE[e'™],  ¢(0) = logE[] = 0.
E[Xe'X]
"(A) = ——, '(0) =EX = 0.
W= S VO
E X2 AX EIX X712 _ b — 2
]E[e’lx] E[e/lx]Q 4
where for each measurable set A, P(X € A) = EI[B]I[Q‘E;}]{]. Hence,
P A pt A pt 2 2 2
b - A%(b -
s = [Twwa= [ [wrouas [* [T O g0 T2
0 o Jo o Jo 4 8
O

Corollary 1.9. Here we combine Hoeffding’s Lemma[1.§ with Proposition If independent random
variables X; € [a;, b;] with probability 1, then

212 )
P s 3
i1 (bi —a;)

Zn:(Xi -E[X:i])
i—1

Zt) < 2exp (—

Example 1.10. If Xq,...,X,, are i.i.d. Bernoulli(p), then

1 n
1=

This is cruder than the exact Chernoff bound, especially for small p.

2
> t) < 2727

Proposition 1.11. The following are equivalent:
(a) 3K1 > 0 such that ¥z > 0, P(1X| > 1) < 2exp(—1*/K?).
(b) 3K, > 0 such that Vp > 1, [|X||1» = (E[|X|P])? < Kay/p.
(¢) 3K3 > 0 such that B[eX /K5 < 2.
(d) If, in addition, E[X] = 0, then also equivalent to
3K, >0 st. @A) <K4d?, Vi1eR.



For the proof, we will use the integral identity:
Lemma 1.12 (Integral Identity). If Z > 0, then E[Z] = fooo P(Z = 1)dt.

Proof. Notice Z = fOZ dr = fooo 1,<zdt and take expectation on both sides.
Proof of Proposition|1.11. We will show (a) = (b) = (¢) = (a).
e (a) = (b). By Lemma [1.12] we have

E[|X|7] =/ P(|X|p2t)dt:/ P(|1X|? > uP)puPtdu
0 0

S/ 26_“2/K12pup_1du

0

:/ Qe_vgp(Klv)P_ldv
0

= K" pI'(p/2)
< 3K p(p/2)P".

e (b) = (c). For 2 e R,

o 1
B [ 8/12)(2] Z A AZ*E[X?K]  Taylor expansion
k=0

_ k
< Z’lzk ( ) (KaV2k)?* by (b) and k! > (5)

e

1
= 2eK21%)% <2 for |1 < .
kZ:;)( 21%) ] Kol

(¢) = (a). For t > 0, by Markov inequality and part (c),

P(|X|>1) = P(eX2/K?? > et2/K‘§) < e PIKIB[X° 1K) < 2071 1KS,

Now we have E[X] = 0. We are to show (d) = (a) and (b) = (d).

(d) = (a). This is shown by Proposition

(b) = (d). Since EX = 0, by Taylor expansion, we have
- /1
AX] = 4
- Z o

For k > 1, E|JAX|?**! < 1 (E|AX|?* + E|AX|***2). This implies that

2k 2k k 12k 2k
W g AX<1+2ZA B[X*] _ 24 (K2V2k)
Qo T & (2k)!
2K. /1
< Z (2K ) by (2k)! > (k)2 k! > (k/e)k.

= exp(4K2/12).



Definition 1.13 (Subgaussian Norm). The subgaussian norm of a subgaussian random variable X is
1X1y, = inf{K >0 | Eexp(X*/K?) < 2}.

In [Verl8], the author takes ||X||y, < co to be the definition of subgaussian if EX # 0.

1.3 Martingale Method

How to show concentration of nonlinear functions f(Xi,...,X,)?
Idea: let E[ f(X1,...,Xn) | X1,...,X;] = M; and

n n

FXt o Xa) =BIf (X1, Xa)] = My = Mo = ) (M; = Mi—1) = ) A,
i=1 i=1

where {M;}! | is a martingale, i.e., E[M; | X1,...,X;-1] = M;_1.
Theorem 1.14 (Azuma-Hoeffding). Suppose Xi, ..., X,, are independent, and VA > 0,

E[e/mi | X1, ... ,Xi—l] < 6/120—?/2 a.s.,

then Y1, A; is Y1, o?-subgaussian, so

2
P [lf(Xl, e ,Xn) - E[f(Xl, e ,Xn)]| > [] < 26Xp (—22:;:—0_2) , Vi > 0.
i=1%i

Proof. For any 1 >0 and k € {1,...,n},
BletZh | =B [B]et=hd Xy, X |
=E [e’lzf':ll AiE [e/m" | Xi,..., Xk—l]]

k—
< ViR [elziﬂl A"] .

By induction, E [e?Z=14] < exp (% >y 0'1'2)' O

Corollary 1.15 (Bounded Difference Inequality). For each i € {1,...,n}, let

[ID; flleo := sup . [supf(Xl,...,z,...,Xn)—irzlff(Xl,...,z,...,Xn)].
n z

X150005Xi-1,Xi41500

If X7,...,X, are independent, then

212
P[|f(X1,,Xn) —E[f(Xl,,Xn)]l Zt] < 2eXp (—m), V>0

Proof. Use the same definition of A; as in Theorem [I.14}

Al‘ = E[f(Xl,...,Xn) | Xl,...,Xi] —E[f(Xl,...,Xn) | X19~'~7Xi—1]'

= A, >E

iIZlff(Xl,...,Z,...Xn)—f(Xl,...,Xn) | X1’~'~7Xi—1] = Ai

A; SE[Supf(Xl,...,Z,...,Xn)—f(Xl,...,Xn) | Xl,---,Xi—l] = B;.
z



So A; € [A;, B;] with probability 1, and B; — A; < ||D; f||w by definition. Using Hoeffdings Lemma [1.8

D: 2
E[e™ | X1...,Xi1] < %.
The corollary then follows from Azuma-Hoeffding Theorem O

Example 1.16 (Rademacher Complexity). Let &1,..., &, be iid Rademacher random variables, i.e.,
P(g; = 1) = % Let T CR", f(e1,...,&n) =sup,er &'t. Then ||D;f||e = 2sup;cr |ti], sO Yu > 0,

P(f(e1,...,en) —E[f(e1,...,en)]| 2 u) < 2e_$,

where o2 = Y| sup; e 12

Later in the course, we will improve this to 02 = sup,cr 2 t? = SUDeT ||t||%.
Example 1.17 (U-statistics). Let X1,..., X, be iid, & : R? > R with ||A]|c < B, h(x,y) = h(y,x).
Consider

1
FXo X)) =5 >0 h(Xi X)),
2) 1<i<j<n
Then ) (n—1).28
’ n- :
IDiflle < sup o= > |h(z,x)) = h(2,x))| < 2 = 4B/n.
x,2,7" (2) [j#l (2)

nt2
So P(|f(X1,....Xn) —E[f(X1,...,Xp)]| 2 1) < 2e 852,
If the kernel is non-degenerate, then we have CLT O (\/%) If the kernel is instead degenerate, then

we have a smaller fluctuation 0 (%).



2 Sub-exponential Variables, Random Vectors in High Dimensions

Readings: §2.7-2.8, 3.1-3.2 in [Verlg], §2.1-2.2 in [Wail9).
Example 2.1 (Erdés-Rényi Graph). On graph G = €(n, p) be an Erdés-Rényi graph, i.e., P(i ~ j) = p
independently for all i # j € {1,...,n}. Let f(G) be chromatic number, i.e., the minimal number of
colors to color vertices so that no adjacent vertices have the same color. Let

X; = all edges from 1 — {2,3,...,n}

X5 = all edges from 2 — {3,...,n}

X,-1 =edge from n -1 — {n}

Fixing all but X;, f(G) is smallest when X; = (0,...,0) and largest when X; = (1,...,1), and thus
[ID; f]leo <1 because we just twist one edge. This observation implies

2
P(If—E[f]lzt)s2exp(— d )

n—1

For any p € (0,1), f(G) = E[f(G)] + Op(y/n). Also, it is known that E[ f(G)] = e > V.

Recall that a mean-zero random variable X is o2-subgaussian if (1) = log E[e*X] < o2 o’ Vi e R,
and when X, ..., X, are independent, mean-zero, o-2-subgaussian, by Hoeffding’s inequality vVt > 0,

n

inzt

i=1

P

s
< exp (— 2n0'2) .

What if X;’s have heavier tails?
e By CLT, for 1 < vii, B(S)L, X; 2 1) ~ e 0/,

e However, for t > /n, a lower bound is

n n
P in >t|>P|(X;>1.0lz and | > Xi| < 0.01:)
i=1 =2
n
=P(X; > 1.010) - P[> Xi| < 0.01z)
=2
~1 for t>>+n

~ P(X; > 1.017).

This needs not decay exponentially in #? if X; is not subgaussian. Hence, we would expect to
see two types of bounds for )" ; X; for moderate v.s. large ¢.

2.1 Subexponential Random Variables

|

Example 2.2. X ~ Exponential(). Then its pdf is fo(x) = fe~9* 1,50 and its expectation E[X] =

log %~ — 4 ifd<6
D = logE [oAX-EXD] _ )08 57— 5
¥(2) =logE [e =14 ifA1>0

For the former case A < 6, the expression is approximately % for small |1].

9



Definition 2.3 (subexponential). A mean-zero random variable X is (o2, b)-subexponential if

2.2
1
¥ (1) = logE[eX] < AT” for all [A] < 5.

Example 2.4. The following are some examples of subexponential random variables:

e X ~ Exponential(9) — l. W) = log T — 5 < ’0}2 for |4] S , 0 X is (92, 9) -subexponential.
o X ~ X% -1. ¥y = log(l -21)-A< 2/12 for || < 4, so X is (4, 4)-subexponential.
e X~ x2-n y(Q) = —5log(1-21) —na < 2nA? for |A| < 4, so X is (4n, 4)-subexponential.

Proposition 2.5. If X is mean-zero and (0?2, b)-subexponential, then

1 . (2 ¢t
P(|X| >1) <2exp —gming =5 1 vt > 0.

2,2
Proof. Let 1 20. VA€ [0, 1],P(X 2 1) < e ME[eX] < ™1+
2

o Ift < ‘TTQ, pick 1 = L3, Then P(X 2 1) < e"307,
o Ifr> <> pick A =1 ThenP(X>1) < e_ﬁJ'z%’ <e 7.
The left tall is the same by choosing 1 € [—%, 0]. O
Example 2.6. Suppose X = Z% +...+Z2~ x2 Then
P(X —n| > 1) < 2e 5mnH vr >0,

So X has Gaussian tail for t < n and exponential tail for ¢ > n.
Theorem 2.7 (Bernstein’s Inequality) If Xi1,...,X, are independent, E[X;] = 0, X; is (o-f,b,-)—

subexponential, then 7| X; is 0' , max b; )—subexponential. Thus, Vt > 0,

= 1<1§n
= 1 t? t
P X; >t| <exp{——min , .
; ' p{ 2 Y o maxXigicy b
Proof. V|| < 1/max!_, b;, E[etZi=1 Xi] < [T, E[e™i] < exp {/12—2 >y 0-1.2}. m|
Lemma 2.8 (Bernstein). If E[X] = 0, Var(X) < 02, and |X| < b with probability 1, then
202 3
D) ———, V1 <.
v 2(1 - [A]b/3) <3
In particular, X is (202, 22)-subexponential.
Proof. Let || < §.
- /l A2o? Ao?
- 1+ + (141b) 2
.9.3k-2
202 1
=1+ . i Al <3/b
5 T b/3 since || /
/12 2
S exXp {WZ”}/;})} since 1+.XS€X, Vx € R.
Thus, (1) < m Further bound by 1202 for |1] < %. O

10



Corollary 2.9. If X1,..., X,, are independent with E[X;] = 0, Var(X;) < o2, and |X;| < b, then Vt > 0,

iXi 2/2 )

P =
— no?+bt/3

>t

< 2exp (—

Proof. By Lemma X; is (202, %)—subexponential. Hence, by Bernstein Inequality (Theorem ,

2 3t
<2 —min|——,—|;, Vt>0.
< 2exp { min (4n02 4b)}

n

S

i=1

P >t

To improve this bound, we use () < <. V|| < 3/b from Lemma and pick A = m:

(1-TAb/3)°
1 2no? t2/2
PI) X; > t] et < oo M50 = oxp |[————L"—— |, V£>0.
; ' P\ 7o+ bt/3
Same for the lower tail. O

Proposition 2.10. The following are equivalent:

(a) 3K; > 0 such that Vz > 0, P(|X| > 1) < 2¢7/K1,

(b) 3K > 0 such that Vp > 1, [|X||r = (E[IX|P])? < Kop.

(c) 3K3 > 0 such that E[e!XI/Ks] < 2.

(d) If E[X] = 0, then these are also equivalent to 3K4 > 0 such that V|| < K%;’ ¥ (1) < K2A%

Proof. O

Definition 2.11 (Subexponential norm). The subexponential norm of a subexponential random vari-
able X is
[1X|ly, := inf{K > 0| Eexp(|]X|/K) < 2}.

Under this notation, we have an equivalent form of Bernstein bound:

Theorem 2.12. If Xi,...,X, are independent, EX; = 0, and [|X;||y, < K, then for a constant ¢ > 0,
vVt > 0,

n

S

i=1

P >t

<5 [t
<2exp|-cmin{ —,—=1]|.
P nk2?’ K

If t > K then we get to exponential decay.
Proposition 2.13. || X - EX||y, < [|X]]y,.
Proposition 2.14. ||X2||¢1 = ||X||12/,2.
Proposition 2.15. || XY ||y, < [| Xy 1Y ]y, -

Proof. Let ||X||y, = K and ||Y||y, = L. Then

#leo ()| =20 (o )

11



2.2 Random Vectors in High Dimensions

Proposition 2.16. Let X = (Xq,...,X,) € R" with independent entries. EX; = 0, Var(X;) = 1, and
each X; is o2-subgaussian. Then for a universal constant ¢ > 0,

(a) P (1X11> = Vi| 2 1) < 2exp (-3).

(b) If X’ is an independent copy of X, then

XX cn cn
Pl————2>1| <2 (exp (—— min(tZ,t)) + exp (——))
(||X||2||X’||2 ) ot o4

Note that when o2 = 1, we have [|X]||2 = Vi + Op(1) and H?(ll}l(zTT)gfl’llz = @p(\/iﬁ). So it seems like X’

and X are on a sphere with radius 4/ and are orthogonal.

Proof. Since (1) < LQ‘TZ, 02/2 > limy_g+ (1) /A% = bg(“’;# =1/2, s0 02 > 1. Then,

> nu)

cn
< exp (——4 min{u, uz}) .
o

n

QX -1

1
P(‘—IIXH% -1
n i=1

Zu)zP

We have the following fact: if z > 0, |z — 1| > &, then |z% — 1| > max(¢, 6%). Hence,

|

Take § = t/+/n, we have (a). For part (b), for any u > 0,

n
D XiX]

i=1

1
—[IX|]2 -1
n

1
za) SP(‘—IIXllg—l
n

> max (4, 62)) < 2exp (—6—’162) .
(oA

2.2

1
P (—|XTX'| > u) =P > nu) < 2exp (—c min (% n—b;)) = 2exp (_c_r; min(uQ,u)) .
n no?’ o o

Note that [1X; X/ |1y, < [1Xilly,1X/|ly, < Co?, s0
XX
p('—,' )
X1y 11X 1]y

<P (%IXTX’I > z/4) FP(IX]l2 < Vi/2) + B(IX’|l2 < Via/2)

’

<2exp (—C Z min(¢, t2)) + 2exp (—c—’l) .
o oz

O

Theorem 2.17 (Johnson-Lindenstrauss). Let & € R™. || = n. There exists a constant C > 0 such
that Ve > 0, if n > % log N, there exists a linear map & : R™ — R" such that

(I-e)lla-dllz <l|Pa-Pad'llz < (1 +¢é)lla—-d|l2, Va,a’ ed.

Proof. The proof is done via a probabilistic method. Let Z;; be iid with EZ;; = 0, Var(Z;;) = 1, and

Z;; is o?-subgaussian for some constant o? > 0. Take P = \/iﬁZ e R™. Fix an element

’
a—a
vef it o el

lla —a’ll2

12



and consider X = Zu. Then for each i, we have X; = Zjjuy + ... + Z;jnu,, satisty EX; = 0, Var(X;) = 1,
aand X; is 0'214% + ...+ 0%u?, = o?subgaussian by Hoeffding’s inequality . Also, Xi,...,X, are

independent. Each u corresponds to two elements a,a’ € &, and
> 8)

> el

B(|||Pulls 1] > ) = P('%HZMHQ 1

:P(’%HX”Q_l

cne?
SQexp(— 1 )
o

These are the cases with “bad” behaviors. How many of these pairs? At most (1; ). Hence,

P((1-¢)lla-dll2 < ||Pa—-Pd'|l2 < (1+é)l|la—a|l2)
N 2 2

ST (] 2exp [ ) 21— exp (L5 4 210g N).
2 ot ot

We only need n for which this probability is positive to ensure existence, which gives the desired bound
for n. O

2.3 Sums of Heavy-tailed Random Variables

For X with tails heavier than exponential, its MGF may not exist. Two common approaches for tail
bounds:

(1) Truncation
(2) Moment inequalities

To illustrate (1), we have the following theorem:

Theorem 2.18. Suppose Xi,...,X, are independent, EX; = 0, P(|X;| > 1] < 2exp (- (£)“) for all
t >0, some K >0, and a € (0,1). Then there exist C, c(a) > 0 such that

< Cexp (—c(oz) min (Kt_zn’ (%)0)) .

[For more general statements, see [BMDLP23]].

n

S

i=1

P >t

Proof. Let Z; = X;1x,<1. Then for the right tail, V¢ > 0,

n n
ZX,-ZI SP(ZZ,-ZI

i=1 i=1

P

n
+P(X; > L for somei € {1,...,n}) <P (Z Z; > t) + 2ne” (L/K)T
i=1

For the moment generating function,

A2 i i
E[e"%] =1+ E[Z] +TE[Z}¢"”] for some (random) 1 € (0,)
~——
SE[X,‘]=0
/12
<1l+ EE[ZizﬂZiso + Z?e/lZi]lZPO]'

13



We now need to control these two terms.

B2z <B[Z) < 20X = [ B > u)du
0
:/ P(|X;| = t]2tde
0
S/ 4te~ 1K) 4t < C()K>.
0
E[Z%e*%i1 7,0] =/ P(X?e™ oy, < > u)du
0
=/ P(L > X; > 1)(2t + At%)etdr  change of variables: u = t?e™!
0
L (o4
s/ 2~ WK (21 4 A1) e ds
0
1 1
Take 1 < —(L/K)* < —(¢/K)?, VYt € (0, L
(Take _2L( /K) _2t(/ )%, vre(0,L))
*© t(t\® 1 a
< 2(2z+—(—) )e 300" ar < C(o)K*.
/0 2\x/) )¢ (@)

Now, we have E[e?%] <1+ C(a)K?A? < eC@K* fo1 some constant C(a). By Chernoff bound,

P(an Zi >t
i=1

Hence, VL > 0, A € [0, 3 (L/K)“], we have

n
P ZX,'Z[

i=1

n
Se_/”l—le,lzi Se_/lHC(a)KQn/lQ, VA € [0, (L/K) ].
i=1

< 2e—At+C(a)K2n/12 " 2ne—(L/K)“‘

Pick L =t and optimize over A € [0, & 57 (1/K)?], we have

P Zn:XiZl‘
i=1

o If (%)a > 2log(2n), then one=(%)" = o= (%) +los(2n) < =3 (%)",

< 26_%Ini (cm)K? (%)° )+2ne‘(%)d.

12
o If (%)a < 2log(2n), then choose C(a) such that e * C@k?n > 1,

The above cases imply that

< Ce 7c(a/)mm( ( )a)

ZX >t

i=

The lower tail is similar.
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3 Hanson-Wright Inequality, Decoupling and Symmetrization, U-
statistics
Readings: §6.1-6.4 in [Verl§].

For this lecture, we consider the concentration property of XTAX = 3 j@ijXiX;. This is known
as “order 2 chaos”. More generally, we would consider f(X) = 3; ; h(X;, X;).

3.1 Hanson-Wright Inequality

Theorem 3.1 (Hanson-Wright). Let X = (X3,...,X,)" be independent entries with EX; = 0 and each
X; is o-?-subgaussian. Then for universal constants C, ¢ > 0, VA € R™", we have V¢ > 0,

P(|IXTAX —E[XTAX]| > 1) < Cexp (—c min

12 t
c2||Al1Z o2 |Allep | )

For diagonal matrix A, XTAX = )" | al-XiZ, then for each i, ||ain‘2||l//1 < |a;|o?, which implies that

2y ai(Xl.2 - X2 is (Za ot » Iax la;| 0%)-subexponential.

R/—/

\/_/
[1Allop

lAll7
Example 3.2. Let X = BZ, where B is fixed and Z;’s are iid with E[Z;] = 0, Var(Z;) = 1, and
o?-subgaussian. For B = I,,, || X||2 = vn + 0p(1).
What is the behavior of ||X||2 for general B?
Note that ||X||3 = ZTB"BZ, so E[||X|5] = E[X} -, (BT B);ZiZ;] = Trace(B" B) = ||B||}.. Also note
that o2 > Var(Z;) = 1, [|B"B||op = ||BI|2,, and ||BT B[ < [|B||2,||BI|%, so Yu > 0,

op’
PANXIE ~ 1IBIE] 2 1) < Cesxp |—cmin [ —— 2 u
I o IBTBIZ o2(|B7Bllop
2
C u
<Cexp|-——F/—7min|——=,u
o4|B|l3p 1Bl ))
1 c||B||?
P 2||X||§—1 >s5|<Cexp ——4“ Hg min(s?, s)|.
1B|l% a4(|Bl|Z,
By a fact in lecture 2, we have
1 c||BII%
P(—llela—l’ )_P FIXI2 - 1] > max(6,6%) | < Coxp [-—p L5,
|1B]| |IB|I% o[BI,

which implies that

P(IX]lz = lI1Bllr| 2 1) < Cexp

ct?
a*||B|I2,

Proof of Hanson-Wright Inequality- To start with, XTAX — E[XTAX] = 37, a;(X? - E[X?]) +
i jaijXiXj. The first term is (27, a'4 maxi<j<n |a”|0'2) subexponential. By Bernstein inequality,

12 t
P < Cexp|—cmin , .
( ( (a4||A||% o2||A||op))
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So, [IX[l2 = |I1BllF + op([|Bllop)-

n

D aa(X? —E[X7)

i=1

> /2




It remains to bound P(| X, aijX;X;| 2 1/2). Let S = ¥,;,; a;;X;X; = X" AX, where A is A with zero
diagonal entries. By Chernoff bound, the right-tail P(S > ¢/2) < e‘gE[e’lS].

(i) Doucoupling: E[e*S] < E[e“xbez ], where X is an independent copy of X.

Proof. Let 61,...,0, itd Bernoulli(%). Then

S = 4E5 Z aij(Si(l - 6i)Xin

i#j

= 4E,] Z al-le-Xj .
ief,j¢s

where # = {i | §; = 1}. Hence, we can bound the MGF of § by Jensen’s inequality:
Ble'S] =Ex {exp|4ABs | > ayXiX;||p <EsEx|exp|4d > a;XiX;
ie7,j¢s ied,j¢s
For fixed .7, let = {X; |i € J}U{X;|j¢ 7} Then

E [exp(41XTAX)] = E |exp| 44 Z ai;XiX; |E |exp |44 Z ai XiX; |1 &
ief,j¢s i¢gJ ori,jes

>E exp 41 Z al-le-Xj
ief,j¢s

(ii) From subgaussian to gaussian:
E[exp(41XTAX)] < E[exp(4102GTAG)],
where G = (g1,...,82)" ~ #(0,1,). Same for G.

Proof. For any v € R", by Hoeflding inequality vIX = Y viXiis X, v?o-2 = o'2||v||§—

subgaussian, i.e.,

22a?||vl3
2

E[e/lvTX] < exp ( ) — E[e/la'vTG]'

Thus,

E[MXTAX] = By [EX [eMXTAX” <E, [EG [eMJGng” —Eg [EX [64,10GTA)2” _E I:e4/lo-2GTAG]

O

(iii) Rotational Invariance. Let A =UDVT be the singular value decomposition, where U,V € R™"
are orthogonal. Since G,G ~ #(0,1,), Law(G,G) = Law(UTG,V'G), so

n
exp (4/10'2 Z dig,-gi)] .

i=1

E[exp(4102GTAG)] = E[exp(4102(UTG)'D(VTG)] = E

16



For each i, ||d;gi&illy, < dillgillys|18illy, < Cd; since g; and g; are gaussian. Thus,

n

n
402 Z d;igigi is (CA%0? Z d?, Cio? max d;)-subexponential,

i=1 i=1 .
’ Al
|A]12 P

which implies E [exp(4/10'2GTAG~)] < exp(C/120'4||A||2F) for A < 1/(C0'2||A||Op). Hence,

P(S > 1/2) < exp(=At/2 + CA20*||A]|%).

. t 1
if <
at|A]|Z o2[|Allop

t
. 411 A 2
Pick 1 <{ 7 ”1”F

— otherwise
o?[|Allop

3.2 Symmetrization and Decoupling

Definition 3.3. ¢ is a Rademacher random variable if P(e = 1) = P(e = -1) = 1/2.
Lemma 3.4 (Rademacher Symmetrization). Let Xi,..., X, independent with E[X;] = 0. Let F :

[0, ) — R be increasing and convex. Let &1,...,¢&, itd Rademacher, and independent of Xi,...,X,,.
Then,

n

poge

i=1

n

Z SiXi

i=1

1]&
5 ZS,’Xi

i=1

EF <EF <EF|2

Note that F is increasing and convex implies that x — F(|x|) is convex.

Proof of Lemma|[3.4). Let X; be an independent copy of X; for each i. On one hand, we have

n
S
i=1

EF

n
=EF [[Bg Y (Xi - X))
i=1

n
< EF Z(Xl- - X; by Jensen’s inequality
i=1

=BF||) &i(X; - %)
i=1
n n
<EF ZsiX, + & X; by monotonicity
i=1 i=1
1 ( n 1 ( noo
< =-EF|2 g X;i||+ zEF |2 ZaiX,- by convexity
2 i=1 2 i=1
n
=EF (2 Sl'Xi
i=1

17



Similarly, by Jensen’s inequality and monotonicity and convexity of F, we have

n n

1 1 -
EF 5 ZE,‘X[ = Eg’xF 5 E)ZZSI'(XI' - Xi)
i=1 i=1
1% .
< EF 5 ;(gi(Xi - X,')
1|~ .
=EF|3 (Xi — Xi)
i=1
1 n 1 noo n
<EF|=|) Xj|+=|)> X||=<EF X;
2 2 |4
i=1 i=1 i=1

O

Lemma 3.5 (Decoupling, [dIP92]). Let Xi,...,X, be independent, h;; : R2 — R, F : [0,00) — R

convex and increasing. Let X, ..., X, be independent copies of Xi,. .., X,. Then

EF <EF|(8

D hii(Xi, X))

i#j

D hii(Xi, X))

i#j

If futher h;; = hj; and h;;(x,y) = hj;(y,x) then

EF(

Proof of Lemma|[3.5. For the upper bound we have

EF(

> EF Z hij(Xi, X;)

1
§ hij(Xi, X;) 1
i)

i#j

EXZhij(Xi,Xj)

i#]
< ExF ([Bgl| + [E¢ll| + [E4III| + [E¢IV]) by monotonicity

D hij(Xi, X))

i#j

:EXF(

1 1
< SExF(2EgI]) + = (BxF(6BgIT]) + ExF(G[EgIII]) + ExF(GlEgIV])).

where
o 1= 3, [hij(Xi, X)) + hij(Xe, Xj) + hij(Xi, X)) + hij (X, X))
o II=3,,; hij(Xe, X)), I = X hij(Xi, X7), IV = T hij(Xin X))
We first deal with the latter three terms.
o ExF(6|E¢II|) < EF(6/II]) by Jensen’s inequality.
o ExF(6|EZIII]) < EF(6|III]) = EF(6|11]).
o F(6|ExIV]=F(6] X%, Eh(X;, Xj) |) < EF(6|II]) by Jensen’s inequality.

——
=Eh(X;.X;)

18



Now let Z; = {X;, X;} and & = (Z1,...,Z,). Then conditioning on Z, the first term

=4 E[hi;(X;, X)) | Z],

i£j

and then by Jensen’s inequality,

ExF(2|E4I|) < EF(2[1)) = EF 8 ZE[h,-J-(Xi,X,-) | Z]

i#j

< EF(8|11]),

which implies (by previous steps and monotonicity)

EF(

As for the lower bound, we have

1 -
<3 Zhij(xi,xj)

i#]

D hip(Xe Xp)|| <

i#j

1
BF(811]) + ;EF (6I1I]) < EF (8

Z hij (X, X;) Z(hu(XuX )+ hij(Xi, X))||  since hyj(x,y) = hji(y,x)
i#] i#j
|I|+ Zhl,<xl,x> +— D hij(Xi, X))
i#j i#]
1 1 :
< FEF (1) + EF( Zhl](Xl,X) + EF Zhu(XuX) convexity
i#j i#j
1
=§EF( D Elhij(Xi, X)) | Z1|| + EF 2| hij(Xi, X;)
i#j i#]
1
< ;B ( ZE h,J(Xl,X)|,%"])+ —EF Zhl](Xl,X) Jensen
i£j i#]
<EF (4 ZE[h,-j(x,-,xj)]
i#j
O

3.3 U-Statistics

Let Xq,...,X, be iid. Let U =

)
BLU] = E[h(X;, X,)] = 0.
By asymptotic theory (e.g., in Asymptotic Statistics by Van der Vaart [Vaa9§|, §12):

n) 2i<j h(Xi, X;) with |[hll < B and h(x,y) = h(y,x). Suppose

e Let 'V (x) =Eh(x,X;). fU=23", hW(X;) + Op(L), then
VAU ~> (0, 4ERD (X,)2).

o If AV (x) =0 for all x € R, then A is degenerate. As n — oo,

9 (o)
U~ Y W(ZE=1), Az, ™ #(0,1), 46 2 0,
k=1
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From bounded differences inequality of Lecture 1:

P(|U| = 1) < 2 ni”
ex - .
=1 =2XP | Tgpe

Thus, U = @p(‘/iﬁ). This is the correct order only if & is non-degenerate.

Theorem 3.6 (Arcones, Giné’93 [AG93]). Let X1,..., X, be iid. Suppose ||| < B, h(x,y) = h(y,x),
Eh(X;, X;) =0, Eh(x, X;) = 0 for all x € R (degenerate). Then for some C,c >0, U = (—,11) Yi<j h(Xi, X;)
2

satisfies
cnt

P(|U| > f) < C€Xp (—?) .
Proof. Let F : [0,) — R be convex and increasing. Let g;, &; be iid Rademacher, X; be independent

copy of X;. Then

EF Z h(X;, Xj)|| <EF (8 Z h(X;, Xj) by decoupling Lemma
i#] i#j
n
=EF |8 > h(Xi X)) conditioned on Xi, ..., X,
i=1  jij#i
——————
independent, mean-0 |
n
<EF|16 & Z h(Xi, X;) by symmetrization
=1 jij#
n
=EF |16 Z gih(X;, X;) ‘ conditioned on £1,...,&,, X1,..., X,
J=1 ii#j
independent, mean-0 |
<EF |32 Z g;&;h(X;, )?j) symmetrization
i£]
<EF[128 Z gigjh(Xi, X;) reverse decoupling

i#]
Consider F(x) = exp(Ax/2): by applying MGF bound from proof of Hanson-Wright Inequality,

Eetl Zi<j h(Xe. X)) < g128 Licj &ijh (X X;)]

< ExE, [6128/12i<j gigjh(Xi,Xj) + e—128/12i<j Eié‘jh(Xi,Xi)]

1
<B[2VIHIE] gl < A JHeR"™" Hij=Hj = h(X;,X;),H;; =0
op
< 266/1271232’ V|/l| < L
cnB
Then, choose A < 1/(nB), we have: P (ﬁ ’Z,—<j h(Xi,Xj)l > t) < e AB)1 . 2, CN?B% < 01 =G m|
2

20



4 Matrix Concentration Inequalities

Readings: §5.4-5.6 in [Ver18|, §8 in [Trol5].
Theorem 4.1 (Matrix Bernstein). If X1, .. ., X,, are dXd independent symmetric matrices with E[X;] =
0, || Xillop < b with probability 1. Set v = ”2?:1 ]E[Xf]“op as the “matrix variance”. Then

n 2
t</2
P Xi|| =t|<2dexp|-—————]-
Z ' P ( v + bt /3)
i=1 op
Remark 4.2. 1. v is the matrix variance, representing “maximal variance of § = )" ; X;” in any

direction:

V= = ||IESQ||(2,p = sup u ES%u= sup ]E||Su||§

[l [2=1 [ell=1

Zn: EX?
i=1

2. This shows that ||Z?:1 EX?”Op = Op (\/v logd + blog d). The log d factors may not be sharp, but
this bound is good enough for many applications.

op

3. There are versions that relax || X;|lop < b to moment-type assumptions, see [Trol2].

Example 4.3 (Covariance Estimation). Let X1,...,X, € R¢ be iid with EX; = 0 and EX; X = X.
Suppose that || X;]|2 < Cd||%||op with probability 1. Examples of this could be (with X = I; and C = 1):

o X; ~ Unif(i\/gel, cel i\/ﬁed).
e X; ~ Unif(VdS?~1) (sphere of radius Vd).
We estimate X by £ = %2?21 X;X". How large is Iz - 2llop? Note that

PR

i=1

”i - ZHop =

o 1
D, (XiX[ -
i=1

op op

e EY; =0
o [I¥illop < L (IXi X llop + [IZllop) = 2 (I1X:112 + [IZllop) < ELNZlop-
e We also have

EY? 1

P (BOGXT)? - EXXT S - BEXX] +32)

1 2 ¢2
= (E(XiXiT) _3 )
1 1
< SE(XXD)? = SEIX|3X:X]
n n
1
= ECdHZHOpZ

Together with EY? >= 0, we have v := ||Z?:1 IEY?”Op < CTdIIEng.

By matrix Bernstein:

. dlogd dlogd
I1£ = Zllop = O (\/vlogd+blogd)=@ﬂm((,/ ng + ng )||z||op).

We postpone the proof of matrix Bernstein to develop the tools we need.
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4.1 Lieb’s Concavity Theorem
A1 f(/ll)
ForX =U U" € R™" define f(X) by functional calculus: f(X) =U

Ada f (/ld)
Idea: apply moment generating function approach to matrices.

n
S

P (ﬂmax
i=1

> l‘) < e U Rt dmax (Tl Xi) v >0

— n .
=e ’UE/lmax (e’lzi:lx‘)
n .
< e U Ty BetZis Xi

AX1 ... oA Xn

Issue: for matrices, Tr et Zi=1 X is not necessarily no larger than Tre -Xe
Theorem 4.4 (Lieb). For any H € R¥*¢ symmetric, A — Tref*1°84 i5 concave over A > 0.

With this, we have
ETr et Zim Xi = | Ty oA Zict Xi+log et
<ETr e/l St X +log EetXn

< ... < Trediz log Be 7

AX;

Further analyzing Ee** will show matrix Bernstein.

Definition 4.5. Let A, H € R?*? be symmetric and A, H > 0. The matrix relative entropy is

D(A||H) = Tr[A(log A —log H) — (A — H)].

Lemma 4.6 (Matrix relative entropy). (A, H) +— D(A||H) is non-negative and convex over {(A, H) :
A,H > 0}.

Remark 4.7. This is elementary restricting to diagonal A, H:

d

D(A[IH) = " [ailog 3* = (a; = hy)].
i=1 !

Let f(x) =x—1-1logx. We have af(%) =alogj — (a—h).
e f(x) >0 o0n (0,00). This implies af(%) > 0. That is, D(A||H) = 0.
e fis convex on (0, 0). This implies that af(7) is convex in (a, k). Note that the Hessian is

n _h] o1 h
a2 a R 144 _ >0’
A RE

a
so D(A||H) is convex in (A, H).
We will extend this argument below to non-diagonal A, H.

Proof of Lieb’s Theorem[.4 For any M,T > 0,

D(T|M) = Tr[T(logT —log M) — (T — M)] > 0,
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which implies that TrM > Tr[T log M — T log T + T]. Equality holds for T = M. So

TrM =sup Tr[TlogM —TlogT + T],
T-0

which implies that

TreH+logA = sup Tr[T(H + logA) —TlogT + T]

T-0
=sup TrTH+TrA-D(T|A).
T-0
concave in (T,A)
Hence, A +— Tref*1og4 ig concave. m|

4.2 Analysis of Matrix Relative Entropy
Definition 4.8. A function f : ¥ +— R on an interval ¥ C R is
operator monotone increasing

operator convex

trace monotone increasing
if, for all d > 1 and A, B € R¥*4 symmetric with all eigenvalues in .7,

A<B= f(A) < f(B)
FQAA+(L=D)B) 2 Af(A) + (L— D) f(B), Vael[0,1]
A< B=>Trf(A) <Tr f(B)

Trace monotonicity is the simplest condition:

Proposition 4.9. If f: . — R is monotone increasing, then it is also trace monotone increasing.

Proof. Let 11(A) = ...24(A) be eigenvalues of A. If A X B, then A;(A) < 4;(B) for all 1 <i <d. This
is by Courant-Fischer Theorem, where

1;(A) =  max min  u'Au < maxminu' Bu = A;(B).
VR4, dim V=i ueV,|luf2=1 V. ou

Thus, Tr f(A) = £L; f(4:(A) < BL, f(4(B)) = Tr f(B). O
However, it is not true that f increasing/convex implies that f is operator increasing/convex.

Example 4.10. Let A = H H, B = [f ﬂ, f(x) =x2 on [0, ). Then A < B but

A = B ;]f[g g] = B2 = x? is not operator increasing.

Let A = [i ﬂ, B = E’ H, f(x) =x3 on [0, ). Then A < B but we can check

A+B\> A3+B3 3.
5 5 =S not operator convex.
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Proposition 4.11. (a) Fix any u > 0. a — (a +u)~! is operator monotone decreasing and operator
convex on (0, c0).

(b) a + loga is operator monotone increasing and operator concave on (0, ).

Proof. (a) Suppose B = A > 0. Then B+ ul = A +ul. Note that if B = A then M"BM = MTAM,
which implies
=1 = (B+ul) ">(A+ul)(B +ul)™/?
—=I < [(B+ul) " 2(A+ul)(B+ul) 17 = (B+uD)"?(A +ul)™ (B + ul)'/?
—(A+ul)l = (B+ul)™

This shows monotonicity. Now consider any A,B > 0 and 1 € [0,1]. Note that if A > 0, then

[;T (B; > 0 if and only if C — BTA™'B = 0. Then
A+ ul 1 B +ul 1
< -
04 1 arunt [TV (B+u1)_1}
=0 =0
_[AA+ (A= )B+ul I
B I AA+u) P+ (1 =D B+ul) |’

which implies A(A +ul) ™' + (1 =A)(B+ul)™' = (1A + (1 =2)B +ul)~! = 0. This shows convexity.
(b) Note that

® (1 1 1+L
- du = lim log(1 +u)|%t -1 +u)|k =loga + lim 1 =loga.
/0 (1+u a+u) u= lim log(l+u)ly - log(a +u)ly =loga + lim og——— =loga

If A X B, then
* -1 -1 by(a) [ -1 -1
logA = [(T+w) "= (A+ul) ] du = [Q+u)~'T— (B+ul)~']| du = logB.
0 0

For any A,B > 0, A € [0, 1],

Alog A+ (1-2)logB = / A{A+w) ™ = A+uD) |+ Q- [Q+u)'T-(B+ ul)-l]) du

o

(
/Dm ((1 )= [A(A+ul) ™+ (1= 2)(B + ul)-l]) du

i /m [(L+w)™' 1= A+ (1= DB +ul)™!] du = log(1A + (1 - 2)B).
0

on

O

Lemma 4.12 (Operator Jensen). Suppose f : % > R is operator convex, A; € RU1%41 A, ¢ R¥xd2
Ky € R4 K, € R%2*4 such that K] Ky + K; Ko = 1. Then

f(K] Ai1K1 + K AsKo) 2 K f(A1)K1 + K f(A2)Ks.

A O
0 Ao

1

Proof. Let A = [ 0

K
} and U = [ _OI} Note that [ 1] has orthonormal columns, and pick Ly, La

Ks
Ky

such that Q0 = [K
2

Ll] is orthogonal. Then
Lo
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o QTAQ:[KIA1K1+K;A2K2 *

* *
T B T B T O
1 17T =
° 3 [BT } sU BT M}U [0 M} for any T,B, M.

So, by block-diagonal we have

1 1 1 1
S (K] AK1+K3 A2Ko) = F(IQTAQT) = ([§QTAQ + §UTQTAQU] ) - [f (EQTAQ + §UTQTAQU”
11 11

By operator convexity and that Q, QU are orthogonal,

50740+ FUTQTAQU) 5 17(07AQ) + 11 (WUTQTAQ) = 5OT S0+ UTQT F(AYQU.
which implies

FKT A +K] AsK) < | 50T F(A)Q + SUTQTF(AQU| = Q7 F(A)QI1 = K] F(ADK1+K] f(A)K:.

11

O

auB cee aldB
Proof of Matriz Entropy Lemmal[{.0 Let A® B = : : e R?*4* he the Kronecker

anB -+ agqqB
product. (A®B)(C®D) = (AC)®(BD). If A = ¥; Ajuu], B = 2 ,ujvjvJT. are the eigen-decompositions,

A®B= Z/li,uj(ui ®v)(u;®v;) = log(A® B) =logA® I +1®logB.
i.j

Let f(x) =x—1-logx be non-negative and operator convex on (0, c0) and ¢ : RY*xd* |5 R with
o(M) = Vec(I;)"MVec(ly), Vec(ly) € R,

Specifically, we have

d d

(p(A ® B) = Z (A ® B)(i,i),(j,j) = Z AijBij = TI'(ABT)
i,j=1 i,j=1

This implies that (since both A, H,log A, log H are symmetric)

D(A||H) =Tr(A(logA —logH) — (A — H))
=Tr((Alog A)IT) — Tr(AlogH") — Tr(AI") + Tr(IH™")
=@(AlogA®I)—¢p(AQlogH) —¢(A®I)+ ¢(IQ® H)
=¢(AlogA®I-AQlogH-(A®I)+ (I ® H))

=p((AQD[A'@H-I®I- log(A"'® H) ])
N——— ———
—log A®I+I®log H

i ((A oNf(A ! ® H))
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Since A ® I and I ® H commute,
(A Df(A @ H) = (A® Y2f ((A © ) V21 H)(A® 1)—1/2) (AeDYV2 =0

because f is nonnegative, which implies D(A|H) = ¢((A® I)f(A~' ® H)) > 0. Now consider any
A1, Ao, Hi,Hy = 0, A € [0,1]. Set A = AA; + (1 - A)Ag, H = AH, + (1 — ) Hs, Ky = VAA;PA712 Ky =
V1 - /lA;/zA_lm, we have KK + Kj Ky = I. This implies

A1/2f(A—1/2HA—1/2)A1/2 _ A1/2f (/IA—l/QHlA—l/Q +(1- /l)A—l/2H2A—1/2) AL/2

_ A1/2f (KITA1—1/21,11141—1/21(1 + KQTA;/QHQA;”QKQ) AL/2
LI pur2 [Kff(AImHlAIl/Q)Kl + K3 f(A; PH2 AL P K| AV
= AAP (AT PH AT AR + (- DAY F(A P Ha AT A
Apply this with A® I and I ® H in place of A and H:
(A D f(AT'H) 24(A1 ® 1) f(A]' ® H1) + (1 - )(A2 ® ) f(A;" ® H2),

which implies
D(A||H) < AD(A1||H1) + (1 =)D (A2||H2).

O

Proof of Matriz Bernstein Inequality[{.1. Let S = Y, X;,EX; = 0, || X;|lop < b. For any A > 0, we have

P[/lmax(s) > f] < e_/bE e/l'/lmax<s)

<e UTrEe®

< e MTr exp (Z logEe/lX") by Lieb’s Theorem
i=1

One can check that

2 A%x? 2,
F<l4Ax+———<1+Ax+———x° Vx| <b,1€][0,3/b).
¢ T3 TS ERAL € 10.3/b)
[
=g (1)

This implies that Ee®™ < T + g(/l)]EXiQ,V/l € [0,3/b). By operator monotonicity of log,
log E e < log(I + g()EX?) < g(1)EX?.

. . _ 2
By trace monotonicity of exp, let v = || X7 EX?|lop,

_ n 2 _ t2 2
PLAmax(8) 2 1] < e W Tr 8@ 2 X7 < o= 08 = exp (‘ﬁ)
. . 2
for A = v+l§—t/3' Similarly, P[Anin(S) < -] < dexp (— v-l;-b/t2/3)' |
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5 Efron-Stein Inequality, Poincaré Inequalities, Tensorization of En-
tropy

Readings: §3.1-3.5, 3.7, 4.8-4.9, 4.13 in [BLM13].
X1,..., X, are independent random variables. f(Xi,...,X,) is a “general” function. How to bound
Var(f(X1,...,X,))?

Theorem 5.1 (Efron-Stein). If Xi,..., X, are independent, Z = f(Xj,...,X,) such that Var(Z) < o,
then Var(Z) < X", E[Var'?(2)], where

Var'(Z) = Var(Z | X1, ..., Xi—1, Xis1s - - s Xn).

x (@)

This is a “tensorization property” of variance, and reduces bounds for VarZ to variance bounds for
univariate functions.

Proof. Define M; :=E[Z | X;,...,X;] and A; := M;—M;_;. Then Z-EZ =}, A;. Note that fori > j,

E[AIAJ] = E[AJE[Al | Xl', e ,XJ]] = E[AJ(E[MI | X1, e ,XJ] —Mj)] = 0,

=M;
which implies that VarZ = E[(Z - E[Z])?] = i E[A?] Then apply
2 ' 2 i) 2

A= (BIZ-BVZ| X, X]) <Bl(Z-BD2)?| X, ... X]

we obtain

Var(Z) < Z E[(Z -E¥Z)?] = Z EVar®) (Z).
i=1

i=1

Equivalent forms: set v = Y1, EVar®(Z).

1. Apply VarY = %E(Y —Y")? for Y’ being an indepedent copy of Y. Then
1 n
v=g D BUZ-Z)%. Zl= f(Xu o X X Xev o Xo),
i=1

where X/ is an independent copy of X;.

2. By symmetry, Z -2/ 2 Z/ = Z,sov = Y | B(Z - Z)2 = ¥ B(Z - Z))?.

Example 5.2. Suppose f has bounded differences property ||D;f]lc < c0. Then
n
Var(2) < > IIDif11%.
n=1
Example 5.3. Recall Rademacher complexity: €1,...,&, id Rademacher(+1). For T C R,

Z=f(e1,...,&,) =sup &'t.
teT
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Here ||D;fllc = 2sup;cr |t;|, which implies that X, ID:flI2 = 430 super ]2, Let t* = t*(&) be
the point where the supremum is attained for &.

Z=¢e't*, Z!:=(e1,...,8i-1,€,&is1,--.&n) 1*(&).
This implies
(Z=Zi)+ < (i = eDt]), S Lypey - 2117 .

Hence,
n

4 ) Ell(e)I] = 2sup 1" ()]
im1 teT

N | =

Var(Z) < % ZE[(Z -7 <

Example 5.4 (First Passage Percolation). Let G be a graph with n edges with iid weights X; > 0 for
i € [n]. E[XLQ] = o2, Fixing u,v € G, let

Z = inf X;.
pathP:u—n/Z '

e;eP
Let P* be the path where the infimum is attained for X.
(Z_ le)— S (Xll - Xi)+:|]-€[€P* S Xl, : ]]-e[EP*a

which implies that

n
Var(Z) < > (2 - Z))2 < o*B[length of P"].
i=1
If, for example, X; € [a, b] with probability 1, then the length of P* is upper bounded by %d(;(u,v),
while EZ > a - dg (u, v).

Example 5.5 (Configuration Functions). We call a property I hereditory if, for any £ > 1 and
sequence (x1,...,Xk),

(x1,...,x,) satisfies [ = any subsequence of (x1,...,x,) satisfies II.
For example,
® X1,...,x; are distinct.
® X1,...,Xk are increasing.
® x1,...,x; are shattered by a collection of sets & if VS C {x1,...,x,}, A € & such that
S ={x1,...,xp} NA.
Let Z = f(X1,...,Xy) be length of longest subsequence (X, ..., Xi) that satisfies II.
(i) # distinct values
(ii) length of longest increasing subsequence
(iii) VC-dimension of o restricted to {Xi,..., Xi}.
Any such f is self-bounding:
1. 0<f(Xy,.... X)) —f(X1,..., Xi-1, Xiv1, ..., X)) < 1.

2. Z:',1:1 {f(Xl’ s ’Xn) - f(Xl’ .. 7Xi—17Xi+1a e aXn)} < f(Xl, e ,Xn)
Since Var™ (2) < ED[(£(X) - f(XD)2], where X() = X \ X;, we have

(70 - px)’

i=1

Var(Z) <E <E <Ef(X)=EZ.

D) = F(xD)
i=1
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5.1 Poincaré Inequalities

For certain distributions Xi, ..., X, and certain functions f,

Var(f(X1,...,X,)) < CE[“squared gradeint of f”].

Theorem 5.6. Let X3,..., X, iid Rademacher, f : {1}" — R. Define its discrete gradient as

gradf(x1,...,x,) = [Dif(x1,....x0)]72q s
where D; f(x1,...,x5) = f(x1,.. ., Xy ..., xn) — f(X1,...,—Xiy...,Xp). Then
1
Var(f(X1,...,X,)) < 2B lgradf (X1, ..., Xa)lI*.
Proof. In one dimension, n = 1:

(f(l) - f(-1)\?
2

Var(f(X)) = = JE (grad (X))

For general n, by tensorization (Theorem ,

Var(f(X1,..., Xn) < D E[Var® (f(X1,..., Xa))] = i]E lgrad f(X1, ..., Xu)I?

=1ED[D; f(X1,....Xn)?]

O

Example 5.7. Let &1,...,¢e, id Rademacher and f(&) = sup,er €'t. By previous example, we have
D;f(e)+ < 2|t} (g)]. Then

Dif(e)s =Dif(e1,....~&ir....n) 2 Dif(e)- = ED; ()2 < 8¢ (e).

Therefore, with Theorem we have
1 *
Varf(g) < ZE||gm1f(s)||2 < 2E||t* (e)||? < 28u$ 2112
te

Theorem 5.8 (Gaussian Poincaré Inequality). Let Xi,..., ”~d A(0,1) and f : R" i R weakly

differentiable. Then Varf(Xy,...,X,) <E||Vf(Xy,..., Xn)||2.

Proof. In one dimension (n = 1), assume that f : R — R has bounded support, twice continuously dif-
ferentiable, so || £, lf'll, | f”|l £ K for some K. Introduce &1,...,&, id Rademacher, S,, \F 2 &
By previous Poincaré inequality on hypercube,

Var(f(Sy)) < Z 111 E[D;f(Sm)’]
i=1
o 1 2 \*
= Z; 1B (f(Sm) — f(Sm \%))
m 2K \° U 1
< ZE( |f"(Sm)] +;) = E[|f(Sm)] ]+@(\/_,71)'
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Since S, X ~ A(0,1), as m — oo,
Var(f(X)) = lim Var(f(Sy)) < lim E[|f'(Sy)[*] + O (i) = B[/ (X)].
m—oo m—oo W

For general weakly differentiable f : R +— R: apply to smooth, compactly supported {f,} such that
lim,, e Var(f,(Z)) = Var(f(Z)), then lim, . Ef.(Z)? = Ef’'(Z)?. For general n, by tensorization,

Varf (Xi,..., X,) < ) Var® (f(X1,..., X)) <BIVF(Xi,..., X)),
i=1

where for the first term, Var® (f(X1,..., X)) < EOD[(8;f (X1, ..., X,))?] by result for n = 1. |

Corollary 5.9. If f is L-Lipschitz, i.e., |f(x) — f(x")| < L||x = x’||2, then Var(f(X1,...,X,)) < L?.
Note that the result of this lemma is dimension-free, i.e., there is no explicit dependence on n.

Example 5.10 (Gaussian Complexity). Let g ~ #(0,1),g € R". f(g) = sup,cr &'t, where T C R".
For fixed t € T and any g, g’ € R", |g7t — g’ 1| < |lg — &’ll2llll2, so g > gt is ||t]|2-Lipschitz. Then

|f(g) — f(g")| =|supg 't —supg'Tt| <suplg'r—g Tt < llg — & ll2sup ||tll2,
teT teT teT teT

which implies f is sup,cr ||#||2-Lipschitz, and so Var(f(g)) < sup;cr ||t||§.

Theorem 5.11 (Convex Poincaré Inequality). Let Xi,..., X, are indepedent. X; € [0, 1] with proba-
bility 1. f: [0,1]" — R is weakly differentiable and separately convex in each variable. Then

Var(f(X1,...,Xn) <E|VF(X1,.... X%

Proof. For n =1: let x* = argminye(o,1] f(x)-

convexity

Var(f(X)) <E[(f(X) - f(x)?] <  ELFX0O*X -x")?] <E[f(X)°].

where the first inequality holds because E[ f(X)] is the minimizer of E[(f(X) —c)?] over all ¢ and the
second inequality holds because 0 < f(X) — f(x*) < f/(X)(X —x").
For general f: R" — R,

Var(f(Xi) < ) E[Var® (£ (X))l < 3 ED[(0:f (X1:0))?] = ELIVf (X1.0)I17].
i=1 i=1

Example 5.12. Let X € R™*" have independent entries X;; € [a, b]. Let

Omax(X) = sup u'Xv.
u,viflull2=(lv]l2=1
o [u"Xv—u"X'v|<|lullz- IX = X|lop - lIVll2 < [|X — X’||F, which implies X +— u Xv is 1-Lipschitz,
SO Omax(X) is 1-Lipschitz.

® Opax(X) is supremum of linear functions, hence it is convex.

Then omax(X) is a convex, (b — a)-Lipschitz function of {Z;;} where Z;; = Xé’_ _aa

Corollary, Var(omax(X)) < (b — a)?.

€ [0,1]. By previous
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5.2 Tensorization of Entropy
Definition 5.13. For a nonnegative random variable Z with E[Z In Z] < oo, its entropy is
EntZ =E[ZInZ] -E[Z] - nE[Z] = 0.
Interpretation: Suppose Z > 0 is defined on (Q,P). If EZ = 1, then we can interpret Z(w) = i%(w)
of Q on Q with respect to P. Then

d d
Ent(Z) =E[ZInZ] = ﬁln ﬁdp( ) = / In d%%d@(w) = KL(QJ|P).

ForEZ=c#1,let Z=cZ so EZ =1. Then
EntZ = E[cZ1n(cZ)] - E[¢Z] InE[cZ] = cEntZ,

so Ent(-) is a homogeneous extension of KL divergence.
Compare with variance: VarZ = EZ% — (EZ)?. If EZ = 1, then Z = %%(w) and

2
VarZ = / (i%(‘“)) dP(w) - 1 = x2(QIIP),

so Var(-) is a homogeneous extension of y2-divergence.

Theorem 5.14. If X1,...,X,, are independent, Z = f(X1,...,X,) nonnegative with E[ZInZ] < o
then EntZ < 377", E[Ent")(Z)], where

Ent(Z) = Ent(Z | X1, ..., Xi—1, Xi+1 .- X)) =ED[ZInZ] —ED [Z] mEW [Z]
Lemma 5.15 (Duality). Let Z > 0 be a random variable on (,P) and E[Z1n Z] < co. Then

EntZ = sup E[UZ]
U:Q—[—00,00),EelU=1

Proof. By homogeneity, assume EZ = 1. Consider any U : Q > [—c0, ) where E[eV] = 1. Let Q be
such that eV dQ

1=Ep[Z / ZdP = z%d@ = / e V7dQ =Egle YZ].
Then, we have
Entp(Z) =P[ZInZ] = Egle YZInZ] = Egle YZIne VZ] + Egle VUZ]
=Entg(e YZ) + Ep[UZ],
so Entp(Z) > supy.grs[—w,e0), B[V ]=1 Ee[UZ]. Equality holds when eVY=2Zie,U=InZ. m|
Remark 5.16. The supremum can be restricted to U = f(Z) since equality holds for such U.
Proof of Theorem[5.1]]. Let Z = f(Xy,...,X,) and M; := E[Z | X1.].

=E|> Z(nM; —InM;_y)|.
i=1
By duality, Ent)(Z) > ED[Z(InM; — logED [M;])] = ED[Z(InM; — M;_;)], where for each i, let

U=1InM; —InM;_, = In M; —InED[M,], so ED [eV] = E® [W] — 1. This implies that

Ent(Z) = E[ZIn Z] - E[Z] nE[Z] = E[Z(In Z — InE[Z])]

n
EntZ < EZ Ent®Z.
i=1
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6 Entropy Method, Log-Sobolev Inequalities, Concentration of Gaus-
sian Measure
Readings: §5.1-5.5, 6.3-6.7 in [BLM13].
Let Xi,..., X, be independent and Z = f(X1,...,Xy).

Recall: For Y >0, EntY = EY logY — EY log EY. We also showed that EntZ <}, ]E[Ent(i) Z].
Entropy method: exponential tail bounds for Z by building entropy of ¥ = e* via EY.

Lemma 6.1 (Herbst’s argument). Suppose for some o? > 0, we have

/12 2
Ent(e'?) < TO-E[e/lZ], VA>0.

Then E[et(4~E2)] < 8/120—2/2, YA >0, and

2

P(Z-EZ=>t)<e 257, t>0.
Proof. Let F(1) = E[e**] be the MGF of Z and F’(1) = E[Ze*?]. Then,

Ent(e'?) = E[AZe*?] — E[e*?] log E[e*Z]

1202
= AF' (1) — F(1) log F() < F(Q),
which implies
o> 1 F'(1) 1 d (1
—>-. L logF(A1) = — [=logF(A)] .
> 21 Fay et d/l(/l ©8 ())
By L’Hépital,
log F F’
im 28FA o FA o
-0+ A -0+ F(AQ)

so, by integrating on both sides, we obtain

a2 2
A

duS/ O-—duzi,
0o 2 2

1 td[1
ZlogF(/l)—E[Z] :‘/0 o [;logF(u)

which implies

F(A) <exp (/IE[Z] +

6.1 Log-Sobolev inequalities
By tensorization of entropy, for Z = f(Xj,...,X,) with independent X;’s,

Ent(e'?) < > E[Ent® (e1%)] .
i=1

LSI: for certain distributions of X, ..., X,, and functions f,

Ent[f(Xy,.. .. X,»)?] < C - E[“squared gradient” of f] .
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Theorem 6.2. Let X1,...,X, id Rademacher, f : {x1}" —> R,

grad f(x) = {D; f()}y = {f(x1, . X oo uxn) = fX1, oo, =X X)) P

Then Ent[f(X1, ..., Xn)?] < 3E| grad f(X1,. .., Xn)|%.

Proof. Whenn=1, f: {1} —» R. Let a = f(1) and b = f(-1).

Ent(f(X)?) = E[f(X)*log f(X)*] - E[£(X)*] log E[ f(X)?]

B a’loga® + b?logb?  a® + b? a’ + b?

= 1
2 2 T
1
E[(grad f(X))*] = g((a- b)* + (b -a)®) = (a - b)
It suffices to show that, WLOG a > b > 0,
2100 a2 + b2 log b2 2, 32 2.2 1
a“loga ;—b ogb _a -;b loga ;—b —§(a—b)2SO.

If we fix b > 0, then define the above as a function of a, denoted as h(a). Observe that

e h(b) = b*logbh® — b?logh? — (b - b)? = 0.
o h'(a)|4=p =0.
e ' (a) <0.

These imply that for a > b, h(a) <0, as desired. Thus, we have shown n =1 case.
For general n, by tensorization,

Ent(f(X1,...,X,)?) < ZE[Ent(i)(f(Xl, LX) H] < %EH grad f]|3.
i=1

<LED[Dif (X1, Xn)?]

O

Theorem 6.3. Let X1,...,X, i Rademacher and Z = f(X1,...,X,). Suppose Y(x1,...,x,) € {£1}",

n

DUDif (e < 0

i=1

Then P(Z - E[Z] > ) < exp(—t2/d?).
Corollary 6.4. If V(x1,...,x,) € {£1}", we have

lgrad(f(xr, ., xa))lI3 = D (Dif)* <02,
i=1

then P(|Z — E[Z]| > 1) < 2exp(—t%/0?).
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Proof. Let g(X1,...,Xy) = ed f (X, Xn) where 1 > 0.

Ent(e*?) = Entg(X1,...,X,)?
1
< Elllgrad(g(X1, ... Xu)|3]
n
_ % E[(egf(xl ..... XivXn) _ p% f(Xiseoes= X Xn))2

4 .
(FX1see s X Xn) = (X1, =Xy oo X)) s 2 K1 XionXn)

z

[P

:§Dif(X1:n)+e

Substitute into the above, we have
Ent(e/lz) < Z E l_Dif(Xlzn)-%e/lZ]
i=1 4

2 2
< ATO-E[e/lZ] .

/12
=—E
4

n
e/lZ Z Dif(Xlzn)-%
i=1

Therefore, by Herbst’s argument with ¢2/2, we have
P(Z -E[Z] > 1) < exp(—t*/c?).
m|

Example 6.5. Let &1,...,¢&, itd Rademacher({+1}) and Z = f(&) = sup,cr €'t, where T C R". Recall
n
Dif(e) <1} () = Y Dif ()2 < 4l (&) 3 < 4sup 1]
i1 teT

Then,

P(Z = E[Z] +u) < exp

2
Asup,cr llll3 ]
The lower tail will be covered in the next lecture.

Corollary 6.6. Let X1,...,X, “id Rademacher and Z = f(X1,...,X,). If for all (xq,...,x,) € {£1}",
lgrad f(x1.....xa)[3 < o2, then

P(|Z -E[Z]| > 1) <217 .

Proof. In this case, we have
n n
D DifGrs X3, D ((Dif (xnsxa))2 <02
i=1 i=1

Apply previous result to both f and —f. O
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Theorem 6.7 (Gaussian LSI). Let Xi,...,X, iid N (0,1), where f : R" > R weakly differentiable.

Then
Ent(f(X1,...,Xn)?) < 2E[||VA(X1, ..., X2)lI3].

Proof. For n = 1, assume f : R +— R has compact support and twice continuously differentiable.
1) E14...+Em

NI By previous LSI on hypercube:

Introduce &1, ..., &, id Rademacher and define S =

1
Ent(f£(Sm)*) < 5E[ll grad £(Sm)3] -
Recall that lim,,—,. E[ || grad f(Su)|13] = 4E[f’(X)?] from proof of Poincaré inequality, Lecture 5. Then
Ent(f(X)?) = lim Ent(f(Sm)?) < 2E[f(X)?].

Approximate general weakly differentiable f : R — R by sequence of smooth, compactly supported
functions. Then in higher dimensions, f : R" — R, by tensorization,

Ent(f(X1,..., Xn)?) < D E[Ent? (F(Xi,.... X)D)] < 2B[IVF(Xs,..., X)[3].
i=1

<2ED [(8,£)2]

mi
Theorem 6.8 (Tsirelson-Ibragimov-Sudakov inequality). If X1,..., X, id (0,1) and f : R" —> R is
L-Lipschitz, Z = f(X1,...,X,), then

t2
P(|Z-E[Z]| >1) <2 -—, Ve >0.
(1Z-E[z)| 2 1) < exp( sz)

Remark 6.9. This result is dimension-free.

Proof. For any L-Lipschitz function f : R" +— R that is weakly differentiable, we have ||Vf(x)|l2 < L
a.e. Then, VA € R,

2
A
§€%f(X1 ..... Xn)Vf(Xl, o Xn)
2

/12
= EE[eﬂZHVf(XL S S11H

/12L2
<

E[e**].

By Herbst’s argument applied to both f and —f,

212

E[e4] Sexp( ), AeR,

i.e., Z is L?-subgaussian. O
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Example 6.10. Let Y ~ #(0,%) € R4, Consider

d 1/p
v, = (Z W) . p=l.
i=1

We can write Y = 212X, X ~ #(0,1;). Set f(X) = ||Zl/2X||p. For any x,x’ € R?, we have

£ = £ = 12, 12120

<=2 =)l < IZY2 ]l gt Ix = X[l -
Let L = ||21/2||52_>[p. Then

l2
B(IYIl, = E[[¥]l,] +1) < exp (‘m) ,

Example 6.11. Let Xi,..., X, 4 #(0,1;) € R, 0, € R? fixed. For eachi=1,...,n,
Vi = xiTQ* .

Fix 6 € R?, loss function € : R — R with ||€/||e < K. View
1< . 1,
F(X) =~ > i=x]6) =~ > (] (6.~ ))
i=1 i-1

as a function of X = (x1,...,x,) € R4, We have
2

1, K?
IV F(X)Il5 = H;f (x/ (6. =) - (6. - 0)|| < ;ne* -0l13,

2

which implies

n 2
K
IVEX)I5 = D 19 FQOIE < — 16 = 6113
i=1

So F(X) is W—Lipschitz, which implies

P(IF(X) -E[F(X)]| 2 1) < exp

nt?
2K2(|6. - 012 |
Remark 6.12. First, compared with the Poincaré inequality, i.e., Var(f(X)) < E||Vf(Xq,... ,Xn)||§,
the TIS inequality requires stronger uniform bound on ||V f]|2 rather than only in expectation, but
gives stronger statement of exponential tail decay.
Second, the LSI Ent(f(X)?) < 2E||Vf(X1,...,Xn)||§ implies Poincaré: set f = 1+ g with g
bounded. Then EllVfH% and

Ent(f?) = E[f*log /] = E[f*]1og E[f*] = 26°Var(g) + O(&”) .

Hence, the LSI implies
26°Var(g) + 0(&%) < 26°E||Vg||3.

Let € — 0%, we have
Var(g) < E||Vgli3,

which is the Poincaré inequality.
Third, Poincaré and LSI for many other distrbutions could be established via analysis of continuous-
time Markov chains: see §2 and §3, [vH14].

36



6.2 Further applications of the entropy method

Lemma 6.13. Let Xj,..., X, be independent, Z = f(Xy,...,X,), Z; = f(i)(Xl, o Xl X,

for functions fM, ..., £ such that Z > Z, ..., Z, with probability 1. Then

n /12
Ent(e?) < ZE [7(2 - zi)QeﬂZ] , 120.

i=1
Proof. By simple calculus, for Y > 0,

Ent(Y) = ngg E[YlogY —Ylogu —Y + u]

with inf attained at u* = E[Y]. Apply with ¥ = e*? and u = e,

n
Ent(e'%) < > B[Ent") (')
i=1
n .
< EE®) [e’lz log e'? — e*% log et%i — 1% + eﬂZ"] taking U = %

i=1

n
= Y E[e¥(AZ - 2Z; = 1 + "479)))]
i=1

_t 12
apply t-1+e7 <%, V20

Theorem 6.14. Suppose

n
sup Z(f(xl, e Xp) — i?,ff(xl, X X)) <0
i=1 i

X1seens Xn 7

Let Xy,...,X, be independent and Z = f(Xi,...,X,). Then

2
P(Z—E[Z]Zt)ﬁexp(—;—2), t>0.
a

Proof. For each i =1,...,n, take

Zl' = 1}r(1,f f(Xl, e aXi—laXi,’Xi+1’ ce ,Xn) .

Hence, Z > Z1,...,Z, and Y/ (Z - Z;)? < 0%, which implis

/12 2
Ent(e'?) < TO-E[eJZ] :

12

By Herbst’s argument, P(Z - E[Z] > 1) < exp(—5).

Compare with Efron-Stein:

Var(Z) < EZ(f(Xl,...,Xn) — f(X1, . XD X))
i=1

37

7Xn)



Theorem 6.15. Let Xi,..., X, be independent and X; € [0,1]. f: [0,1]" — R be separately convex,
L-Lipschitz, Z = f(X1,...,X,). Then

12
P(Z-E[Z] >1t) < -——, Vt>0.
(25121 > 0 < ewp 35
Proof. Let x; = arg miny/e(o,1] f(x1,...,x},...,x,). Then by convexity in x;,
Ai = f(x1,...,xn) —iqff(xl,...,x;,...,xn) < |xi =x7110if (X1, x0)|
Xi —
<1

Therefore, we have
n
DA<Vl < L2,
i=1
and the result follows from previous theorem. O
Compare this with convex Poincaré:
Var(Z) <E||Vf(X1,.... X3

Example 6.16. Let X € R™*" have independent entries. X;; € [a, b]. Recall that oyax(X) is convex,

(b — a)-Lipschitz function of {Z;;} = {%;’_;a} € [0,1]. Thus,

12
P(0max(X) 2 E[omax(X)] +1) < exp (—m) -
Note that this provides only an upper tail bound. If f is jointly convex, we will see different
method for also getting lower tail bound in the next lecture.
Example 6.17. Let Z = f(Xy,...,X,) be the longest subsequence satisfying a hereditary property.
Recall from Lecture 5

0< f(x1,eesxn) = f(X1, oo s Xic1, Xigls e v onXpn) <1
n

DULFCen ) = F Ot Xit, Xt 0] < F( )

i=1
Set Z; = f(X1,...,Xi-1,Xi+1,...,Xy). Then Z > Z;, and
AZ C 12 2 AZ
Ent(e'?) < Y B [7(2— Z)2e

/12 AZ
< ZE[zeY].
= 2
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7 Transportation Method, Transport Inequalities, Convex Lipschitz
Concentration

Readings: §4.10-4.11, §8.1-8.6 in [BLM13].
Recall duality of entropy: for any Z > 0 with E[Z log Z] < oo, we have

Ent(Z) = E[ZlogZ] —E[Z] logE[Z] = sup E[UZ].
U:Q—[-00,00), E[eV]=1

Theorem 7.1 (Gibbs variational principle). For any random variable U on (Q,P) with Ep[eV] < oo,

log Ep[e”] = 511% {Eq[U] - Dkr(QIIP)}.

. _dQ
Proof. Consider any Q < P and set Z = 55,

have Ep[U] = 1 and Ep[e"] = 1, so logEp[Z] = 0 and by duality,

V =log ﬁ for any U such that Ep[eY] < co. Then we

eV

Dkr(Q|P) =Eqg [log j%} = Entp(Z) > Ep[VZ] = Ep [log —7

Boo0] 2| = BelUZ] - logEele”].

which implies

logEp[e”] > Ez[UZ] — Dk (QIP) .
Take sup over all Q < P on the right hand side. Equality hold when e" = d%‘ O
Theorem 7.2 (Transportation method). Let Z be a random variable on (Q,P). The folloiwng are
equivalent:

AZ-E[Z 202
(a) VA >0, we have log E[e*(#7ElZD] < 7=

(b) For any Q < P, we have

EqlZ] - Ep[Z] < V202Dk1(QIIP).

Proof. For any Q <« P, by Gibbs variational principle, we have

log Ep[e? 7 Ee 12D = sup {Eq[A(Z - E[Z])] - Dkr(QIIP)}.

Then we have
202

(a) & VQ < P, AEg[Z] - ABp[Z] - Dk (Q|P) <
& VQ < P, Dkr(Q|[P) > sup {A(Eg[Z] - Ep[Z]) — 2%0%/2}
>0

_ 2
For the sup problem, if Eq[Z] > Ep[Z], then with 4" = , we have Dk (Q||P) > W;
if Eg[Z] < Ep[Z], then the supremum is 0. Thus, the above equivalence becomes

(EqlZ] - Ex[Z])]
202
& VQ < P, Eg[Z] - Ep[Z] < V20 2Dk (Q|[P).
Hence, V(X1,...,X,) € X" with joint law P and Z = f(Xq,..., X,), then
Ep[e? 7B 2D] < exp(A%02/2) VA>0

Eq[Z]-Ep[Z]
= a—

(a) &= VQ <P, Dk (Q|P) >

if and only if, for any (Y1,...,Y,) € £ with joint law Q,
E[f(Y1,....YW)] —=E[f(X1,..., Xn)] < V20 2Dk (Q[P). (%)
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Goal: bound left-hand side of (x) by coupling P and Q, and use bounded difference / Lipschitz
properties of f.

7.1 Bounded differences revisited
Theorem 7.3 (Bounded differences). Let Xj, ..., X, be independent, Z = f (X1, ..., Xn)-
||le||00: Sup , |f('x17"'9xn)_f(xlv"'7xl{>""xn)|‘

Then Z — E[Z] is 411 Y ID; f1|3-subgaussian.
[We proved this in Lecture 1 using the martingale method]
Under any coupling of (X1,...,X,) ~P with (Y1,...,Y,) ~ Q, we have

E[f(Y1,....Y) = F(X1,o o X)) SE ) IDifllool xim)
i=1

n
< > IDiflP(X; #Y:).
i=1

Lemma 7.4 (Pinsker’s inequality). Let Q < P and

TV(P,Q) = inf P(X#Y).
( Q) (X,Y)~CoH}l)lings(]P’,Q) ( * )

Then TV(P,Q)% < 1Dk (Q||P).
Proof. Let p and g be the densities of P and Q with respect to an underlying measure u. Let n(x) =
min(p(x), g(x)), p(x) = p(x) —n(x), §(x) = g(x) —n(x). Consider the coupling of (X,Y) such that:

e with probability f ndu,let X =Y ~ f7777d,u'

. .. _ _ ~ _ -~ N [3 . N q~
e with probability 1 fndu = /pd,u = fqd,u, let X Thdn independent of Y Tadn Note that
in this case X # Y because p and ¢ have disjoint support.

The marginal density of X is then

L'/Udﬂ"‘ u '(1—/Udﬂ)=77+ b '/ﬁdu=n+ﬁ=p~
[ ndu [ pdu [ pdu
Similarly, the marginal density of Y is g. Thus,
1 1 1
P(XiY)=1—/ndﬂ=5/(p—n)dﬂ+§/(q—n)dﬂ=§/|p—qldﬂ,

SO

1
TV(P,Q) < 5 / |p — qldu in fact, this is equality b/c we use the optimal coupling

1
= 5Eella/p - 1]
4 2 4 2
<Ep =24 glogz—g+1 by (x —1)% < (= + =x)(xlogx —x + 1)
3 3 pl/l\p p D 3 3
1 4 2
<= Ep[—+—-g} Ep[zlogg—g+1 by Cauchy-Schwarz
2 3 3 p p p P

= \[5Pxe(ClP).
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O

Theorem 7.5 (Marton). Let P = (X);_; P; be a product distribution on R” such that for some w :
R? - [0, o), convex ¢ : [0, ) > [0,00), and all i € {1,...,n} and Q; < P;,

inf E[w(X;,Y)]) <D NTAN
(X ¥i)~couplings(Br.Q) PEw(Xi,Y)]) < Drr(QillF:)

Then, for all Q < P,
Z $(Elw(Xi, Y)) < Dxr(QIIP).

(X, Y)~couphngs(]Pj Q)

Proof. The proof is done by induction on n. The base case n = 1 is the given condition. Suppose the
result holds for n — 1, and consider Q < P = ®?:1 P;. For Y = (Y1,...,Y,) ~ Q, let Q"1 be the
marginal law of (Y1,...,Y,-1) and Q,(- | Y1,...,Y,-1) be the conditional law of Y,,.

By chain rule for KL divergence,

Y1)~ [DrL(QC [ Y1, .., Yoo1)[[Pa] .

.....

n—1
Dk(QIIP) = Dkr(Q" V|| (X)Pi) +Ey,
i=1

Consider the coupling (X,Y) of (P, Q) such that

o (X1,...,X,-1) and (Y1,...,Y,_1) is from the coupling of ®?:_11 P; and Q(”‘D that minimizes the
objective X/ ¢(Bw(X:, Y)]).

e X, and Y, | Y1,...,Y,_1 follows the coupling of P, and Q, (- | Y1,...,Y,—1) that minimizes the
objective ¢(E[w (X, Yy) | Y1,...,Yu-1]).

Under this construction, together with the chain rule, we have

n-1

Dkr(Q|P) > Z P(E[w(Xi, Y)]) +Equ-u [¢(EIwW(Xn, Yn) | Y1, ..., Ya1])]
i=1

base case n=1
induction hypothesis

n-1
RS GEDN (X YD) + G(E[w(X,,Ya)])  since ¢ is convex

> Z¢<E w(Xi, Y1)

(X, Y)~couphngs(IP Q)

With these tools, we can provide an alternative proof of the bounded difference theorem:

Proof. Recall that for any coupling (X,Y) of (P,Q),

1/2

n 1/2 n
D IDifI (Z P(X; # m?)
i=1 i=1

By Pinsker’s inequality, VQ; < P;, there exists a coupling (X;,Y;) of (P;, Q;) such that

Bf (Y1, Y) =Bf (X1, Xa) < ) IDiflleo - P(X; # ¥;) <

—

P(X; # Y;)? < =Dk (Qi||P;) .

\)
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Thus, by Marton’s tensorization theorem with w(x,y) = 1z and ¢(x) = 2x?

inequality, there exists a coupling (X,Y) of (P, Q) such that

, invoking Pinsker’s

- 1
ZP(X,- £Y)? < §DKL(Q”P) >
i=1

which, by substituting to above, implies that

1 n
Ef(Y1,....Yn) —Ef(X1,....X,) < J (5 ; ID: 113 |- Dkr(QIP).

Let Z = f(X1,...,X,). By Theorem [7.2] we have: VA > 0,
E[e"Z7EIZD] < exp(2%0?/2)

for o2 = %Zl'le ID; flI%,. For A <0, apply to —f. In particular, we know that

E[-f(Y1,....Y)] —E[-f(X1..... Xa)] < D ID;i fllB(X; # Yi),
i=1

which implies that
Ep[eV 2B -2D) < exp((-1)302/2),  V(=1) > 0.

Note that the left-hand side is equal to Ep[e?Z~E21ZD] 5o we finish the proof. O

7.2 Gaussian concentration revisited

Theorem 7.6 (Tsirelson-Ibragimov-Sudakov). Let Xi,...,X, id A(0,1). f:R" > Ris L-Lipschitz.

Z = f(X1,...,X,). Then Z — E[Z] is L?>-subgaussian.
Lemma 7.7 (Stein). Let Z ~ #(0,1) whose density is ¢(z) = \/%76_22/2. Suppose that f: R+ R is
weakly differentiable such that E[|Zf(Z)|] < co and lim|;|e f(2)¢(z) = 0. Then E[Zf(Z)] = E[f'(Z)].

Proof. Apply ¢’'(z) = —z¢(z) and integration-by-parts,

b b
/ F@o()dz = F@e: - / £ (2)dz

b
= f(b)¢(b) — f(a)¢p(a) +/ 2f(2)¢(z)dz.
Take a — —co and b — oo on both sides, we have E[ f'(Z)] = E[Zf(Z)]. O
Lemma 7.8 (T3 inequality). Let P = #(0,1) and Q < P. Then

i E(X -Y)? <2D P).
e ) ( ) kL(Ql[P)

Note that the left-hand side is the squared Wasserstein-2 distance W22 (P, Q).
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Proof. Let P and Q be the CDF's and p = ¢ and ¢ be densities. Suppose first that Vx e R, ¢ < Z(();; < é,
so Q is strictly increasing.
Consider the coupling X ~ #°(0,1) and ¥ = T(X) := Q"}(P(X)). By the chain rule,

o= —P® _ p® _p)
q(Q1(P(x)) ¢q(T(x) q(y)

Hence, we have

_ q(Y) _ 1 pX)
D (QIP) = Br-qlon 55 =Bl 5 £
=E[-X?/2+Y?%/2 - logT"(X)]

>E[-X2/2+Y%/2+1-T"(X)]
On the other hand, for ¢ large enough, we have

1

0= [ awidy <1 [ ooy = 260 <R 2.

[ee)

This implies that T(x) = Q™ !(P(x)) < 2x for all large x. Similarly, 7(-x) > —2x for all large x. Thus,

Jim T0)g() =0, EIXT(O[] =BIXY|] < oo

By Stein’s lemma,

Dk (Q|P) > E[-X?/2+Y?/2+1-T'(X)]
=E[-X%/2+Y%/2+1 - XT(X)]

= %E[(X ~-Y)?] since Y = T(X),E[X?] =E[Y?] =1.

For general g(x), let w®(x) = max{e, min(%, Z(();;)}, then we let

o= 7= [,

q(x)

and define Y¢ ~ Q% whose density is ¢. Now by definition, w¥(x) < e+
p(x)

convergence:

. As & — 0%, by dominated

e 7% - 1,9%(x) - q(x),Y?® 2 Y.
o Dir(Q?||P) = B[4 log L] — Bz[Llog 4] = Dk.(Q|IP).

Therefore,
E[(X -¥)’] < lim inf E[(X - Y#)?] < lim 2Dk (Q%|P) = 2Dk (QIIE).

O
Corollary 7.9. Let P= 4(0,1) on R" and Q < P. Then
i E[||X - Y|3] < 2D P).
¥ 0) [l 5] < 2Dk (Q|IP)
Proof. Apply Marton’s tensorization theorem with w(x,y) = (x — y)? and ¢(x) = x/2. O
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With these tools, we can provide an alternative proof of the Tsirelson-Ibragimov-Sudakov theorem:
Proof. For any Q < P, there exists a coupling (X,Y) of (P, Q) such that
E[f()] -E[f(X)] < LE[||X - Y]|2]
< JL2E[|IX - Y|}
< 202Dk, (Q[P).
Apply this to both f and —f. Then let Z = f(X) and the above are equivalent to YA € R, we have
Ep[e! %7 B 1ZD] < exp(A%L?/2) .

Thus, Z — Ep[Z] is L?-subgaussian by definition. O

7.3 Convex Lipschitz concentration

Theorem 7.10 (Talagrand). Let Xi,..., X, independent and X; € [0,1]. If f : R" — R is L-Lipschitz
and convex, Z = f(X1,...,X,), then E[e??~ElZD] < exp(A12L?/2),VA € R.

Lemma 7.11. For any Q < P,

i E[P(X #Y | X)?)] +E[P(X #Y | Y)?] < 2D P).
(X.)~couplings(P.Q) [P(X #Y [ X)"] +E[P(X # Y [Y)"] < 2Dk r(Q||P)

Proof. Let n(x) = min(p(x), q(x)),p(x) = p(x) —n(x),g(x) = g(x) —n(x). Recall the TV coupling of
(X,Y):

. o1 _ ~ ]7
e with probability f ndu,let X =Y Todn’

e with probability 1 — /ndu = fﬁd,u = /cid,u, let X ~ /Ifjdy independent of ¥ ~ qu’—~d#. Note that

in this case X # Y because p and ¢ have disjoint support.

Then conditioned on X = x or Y =y, we have

P _ 1) ( _@)
p(x) p(x) r(x)/,
a0 _,_n0) _ (1_@)
q(y) q(y) a ),

P(X#Y|X=x)=

PX#Y|Y=y)=

Hence, we have

' E[P(X #Y | X)’] +E[P(X #Y | )
(X,Y)~Cg11;1>{ilngs(P,Q) [ ( | )] [ ( | )]

2 2
<Ep (1 - z) +Eq (1 - E) [In fact, equality holds for this coupling, ]
Pl

+

2 2
(3]s
Ply P q)+

<9F» [ilogﬁ—ﬁn

p p p
=2DkL(Q||P),
where in the last inequality we used (1 —x)? + x(1 — %)_% <2(xlogx—-x+1). O
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Theorem 7.12 (Marton). Let P = (X)_; P; be a product distribution on R" such that for some
w:R? 5 [0, ), convex ¢ : [0,00) - [0,00), and all i € {1,...,n} and Q; < P;,

(X,~,Yi)~cor1rllglrilngs(Pi,Q,~) E[¢(E[w(X:,Y:) | Xi]) + ¢(E[w(X;,Y:) | YiD] < D (Qi|P;) .

Then, for all Q < P,

n

ZEM(E[W(Xi,Yi) | X1) + ¢(E[w(X;, Y;) | Y]] < Dxr(Q|[P).

min
(X,Y)~coupling(P,Q) =

Proof. Induction on n, analogous to the preceeding tensorization theorem. O

Proof of Talagrand’s theorem. By convexity of f,
FO) = £ S OVFDLy =20 = 3 0 f D=5 € Y18 DL ryys) -
i=1 i=1
for any Q <« P, there exists a coupling of X = (X1,...,X,) ~Pand Y = (¥1,...,Y,) ~ Q such that

BLf(Y1,.... Y] —BLF (Xt .., X)] < D Bl ()] Lixeny]
i=1

E[16:f ME[1 (x;2v;y | Y]]
1

n
i=

n 1/2 n
< (EZ |3if(Y)|2) (EZP(Xi #Y; | Y)Q)
i=1 i=1

n

1/2

1/2
<L (E P(X; #Y; | Y)2)

i=1

< L2Dgkr(Q|P) by Marton’s tensorization .

Similarly, f(x) — f(y) <(Vf(x),x —y), so by conditioning on X in the intemediate steps,

E[f(X1,....Xu)] —E[f(Y1,...,Yn)] < LV2Dk(Q[[P) .

Finally, apply transportation method to both f and —f, we finish the proof. O

Example 7.13. Let X € R"™*" have independent entries X;; € [0,1]. Recall that omax(X) is a convex,
1-Lipschitz function of X. Then

P(|omax(X) = E[0max(X)]| 2 1) < 2exp(=1*/2) 120,
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8 Maximal Inequalities, Covering Nets, Norms of Random Matrices

Readings: §5.1-5.2 in [vH14], §4.1-4.4, 4.6 in [Verl§]
Setting: we have a random process {X;};er. A few examples:

o {g"t}er, where g ~ #(0,1) is a gaussian random vector.

o {u"Xv} con-1 yegm-1, where X € R™™ is a random matrix.

° {% 2im1 f(Xi) —E[f(X1)]} few, where & is some function class and X,..., X, are iid.
The goals are two-holded:

e Sharp upper bounds for E[sup,cr X;].

e Sharp tail bounds for P(sup,c7 X; = u).

These two goals are often equivalent if sup,.7 X; concentrates around its mean.

Principle: If {X;};er is “sufficiently continuous”, then the size of sup,.; X; is controlled by “com-
plexity” of T.

Basic idea: If T has finite cardinality and X, > 0,Vt € T, then Esup,cr X; < X er B[ X:].

Example 8.1. For any random variables X1, ..., X,, we have

n
E sup X; < § E[IXi]] <n- ISUP E[lX;]]
N <i<
P

1<i<n ) <i<n

1/p
E sup X; < (E sup |Xi|p) <n''P sup (E[|X;|P])'/P

1<i<n 1<i<n 1<i<n

Lemma 8.2 (Maximal inequality). Suppose |T| is finite and log E[e?X"] < y(A) forall A >0 and ¢t € T,
where ¢ is convex and ¢ (0) = ¢'(0) = 0. Set y*(¢) := sup,¢{dt — ¥ (1)} be the Fenchel dual of y.
Then

Esup X, < y¢* *(log|T)).
teT

Corollary 8.3. If E[e*X'] < A1%0?/2 for all 1 > 0 and ¢ € T, then

Esup X; < vV202log|T|.

teT
Proof. Apply the maximal inequality lemma with (1) = 120-2/2 and ¥*(¢) = t*/(20?) for t > 0. O

Proof of the mazximal inequality lemma. By Jensen inequality, YA > 0, we have

Esup X; < — log E[e?stPrer X1]
teT

AX;

1
|
<)
0
@
n
=
S
o

teT

log Z E[e*X]

teT

IA

IA

log (|T| -Esup e’lX’)
teT

PN N e T T R

IA

(log |T| + ¢¥(1)) by given condition,

46



which implies log |T'| > AEsup, <7 X; — ¢/(1). Taking sup on both sides for 4 > 0, we have

log |T| = ¢ (Esup X;) .
teT

Since ¥* is convex and increasing, we have
Esup X; < ¢* '(log|T)).
teT
Remark 8.4. This is closely related to the union bound:

P(sup X, > u) < 3 P(X, 2 u) < [T]e™ "W, vax0

teT teT

—P(sup X, > u) < |T|le ¥ W = eloelTI=¢"w)
teT

—=P(sup X; > tﬁ*_l(log IT|+s)) <e’.
teT

Integrating this tail bound gives

. Jensen "
y*(EsupX;) < E [w (sup Xt)]
teT teT

- / B (sup Xo) > x)dx
0

teT

log |T| 00
= / P(y*(sup X;) > x)dx +/ P(y*(sup X;) > log |T| + s)ds
0 teT 0 teT

<log|T| +/ e ’ds=log|T|+1,
0

so Esup,cr X; < Y tlog |T| + 1).

Intuition: if {X;};er are independent and ), .7 P(X; > u) is small, then

Bup X, zuw) =1 [ [A-BX, zu) ~ 1= [e 7K = 3 B(X, 2 0),

teT teT teT teT

so the union bound is tight. Loose by a factor of |T| if X; = X for allt € T.

8.1 Covering nets

Idea: trade off dependence of {X;};cr with the continuity X; ~ X for t ~ s.

Definition 8.5. Let (7,d) be a metric space. # C T is an e¢-net of T if, for all + € T, there exists
n(t) € N such that d(¢, 7(t)) < &. The covering number is

N(T,d,e) =inf{|#/| : & is an e-net of T .

Proposition 8.6. If {X,},cr is L-Lipschitz, i.e,, there exists (possibly random) L > 0 for which
X, — X,| < LA(X,, X;) for all 5, € T and log E[e’¥] < 222 V1> 0 and € T, then

Esup X; < inf {8]E[L] +/202log N(T, d, 8)}
teT >0
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Proof. For any e-net A/,

sup X; = sup (X; — Xz(1) + Xx(1))

teT teT
< L-d(t,n(2)) +sup X, .
seN
Thus,
Esup X; < E[L] d(z, n (1)) + E sup X
teT — seN
<& by definition of —
<V202log || by previous Corollary
< sE[L] + V202log N(T, d, ¢) .

Finally, take inf over € > 0 and all e-nets /4. O

Remark 8.7. Sometimes T C S (a larger space), and it is simpler to construct an e-net of 7" with
points in S. Let N®™(T,d, &) = inf{|#| : # C S is e-net of T}. Then

NEYT,d, &) < N(T,d, &) < N™YT,d,g/2).
Example 8.8. Let Z1,...,Z, be iid random variables on [0, 1] and
F ={f:]0,1] = R, 1 - Lipchitz, f(0) = 0}.

Let Xy = %2?21 (f(Z)) -E[f(Z)]) and W = SUp feg Xy¢. This is the 1-Wasserstein distance between
Ly 67 and law of Z;.

® [Xr—X,| < %Z?:l |f(Z:)—g(Z) -E[f(Z)] +E[g(Z)]] < 2| f —gllwo. Thus, f + Xy is 2-Lipschitz
with respect to d(f,g) = ||f — gllc-

e By 1-Lipschitzness and f(0) = 0, for each i, f(Z;) € [-1,1]. Then, by Hoeffding’s Lemma
(Lemma and Hoeffding’s inequality (Theorem [1.7),

/12
logE[e*Xr] < —, 1>0.
2n

e Let /% be the set of piecewise constant functions on [0, 1] with £(0) = 0, jumps at &, 2¢, 3¢, .. .,
valuesin --- ,—-2¢, -¢,0, &, 2¢, - - -, where value changes by at most € at each jump. For any f € &,
if f(ke) € [je, (J +1)e), then Vx € [ke, (k + 1)g), we have

|f(x) —jel < 1f(x) = f(ke)| +|f(ke) — je| <e+e&=2e,
where the first is bounded by Lipschitzness and the second because f(ke) € [je, (j +1)e). Also,
flk+De) e [(j-De, (j+1e) =[(j —De, je) Ulje, (j+ De) UL + De, (j +2)e).

Thus, there exists n(f) € /% such that ||f — 7(f)||le < 2&, where we round the value of f at
the left endpoint of each interval down to the nearest je, so /' is a 2g-net for F with respect
to d(f,g) = ||f — gllo. Therefore, |# | < 3/2 which implies

N(g’ ” : ||00’48) < NeXt(g’ ” : ||00’2‘9) < 31/89

so E[W] < infgsq {28 + 1/% log 34/¢ < Cn_l/?’}.
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In later lectures, we will:

~1/2_using the typical size

(i) Improve this bound to Cn
1

Xr—=X,| <

IlLf = glleo w.h.p.

(ii) Extend to non-Lipschitz classes & where N(Z, || - ||e, €) is infinite, by using other metrics for F.

8.2 Norm of random matrices

Let X € R™™. The operator norm is

I Xllop = sup u'Xv, B" :={ueR":|ulls <1}.

ueBn,yeBm
Then for any u,u’ € B" and v,v’ € B™,
[ Xuv = X | = Ju" Xv —u"" XV'|

<|u"X=v)|+|(u—-u)TXV|

< X llop (v = v ll2 + [lu = u’ll2) -

This implies that {X,, ,}u,v is [| X |lop-Lipschitz w.r.t. the metric d((u,v), (u’,v")) = lu—=u'|l2 + v =v’||2.
To bound N(B" xB™,d, &), we need the following tools.

Definition 8.9. Let (T, d) be a metric space. 9 C T is an e-packing of T if d(s,t) > e for all s #¢1 € 9.
The packing number is
D(T,d, &) = sup{|D| : D is e-packing of T}.

Proposition 8.10. For any & > 0, we have
D(T,d,2¢) < N(T,d,e) < D(T,d,¢).

Proof. Let @ be any 2e-packing and /# be any e-net. For any t € @ C T, In(t) € N such that
d(¢,n(1)) < & by the definition of e-net. Furthermore, for distinct s, € &, we have n(t) # n(s) because

d(z(t),n(s)) = d(t,s) —d(t,n(t)) —d(s,n(s)) >2e —e—e=0.

This implies that || < |4|, because we already need || points in A to cover @D, and we potentially
need more points in /" in order to cover T \ &. Hence, D(T,d,2¢) < N(T,d, &).

For the other part, let & be any mazimal e-packing, i.e., & U {t} is not an e-packing for any
t €T\ D. Then, for any t € T\ D, ds € D such that d(¢,s) < e. So, D is also an g-net, implying that
N(T,d,e) <|2| < D(T,d,¢). |

Proposition 8.11. Let B” = {u € R" : ||u]|s < 1}. then for any € € (0,1),

" 2 N\ (3\"
1 exenituors (2] <(2)"
£ £ £
Proof. Let vol(-) be the volume in R". If /4 is an &-net, then B" = B(0,1) C U, B(2, &).

= vol(B(0,1)) < Y vol(B(1,£)) = [N]e" vol(B(0, 1) = | /] > (é)n .
tesN

49



Hence, N(B", || - |2, &) > (%)" On the other hand, if & is an e-packing, then {B(t,&/2) : t € D} are
disjoint balls contained in B(0, 1 + £/2). This implies that

vol(B(0,1 +£/2)) > ;ZVOKB(z,g/Q)) — (1 + g)" vol(B(0,1)) > || (g)" vol(B(0,1)),

50 |2 < (2 +1)". Thus, N(B, || - ll2,&) < D(B, || - ll2, &) < (2 + 1)". O

Theorem 8.12. Suppose X € R™™ has independent, mean-zero, o?-subgaussian entries. Then
El|X|lop < Co(¥/n + v/m) for a universal constant C > 0.

Proof. Recall that [|X|lop = Supyemn yepm Xu,y = SUD,cpn yepm U’ Xv, where X, is [|X||op-Lipschitz
w.r.t. d((u,v), (u',v")) = |lu—u'|l2 + ||[v=V'||2. If 4, is an e-net of B" and /4, be an e-net of B w.r.t.
[| - |l2, then A, X /4, is a 2e-net of B" x B" in d, which implies

n+m
N(B" xB™,d,28) < N(B" || - |l2,€) - NB™, || - [|l2, &) < (g) ., Ve>0.

For each (u,v) € B" x B™, uT Xv is o?-subgaussian by Hoeffding’s inequality (Theorem , SO

El| X]lop < & E|| X1lop + [202log (6/&)"*™
[ — ————
Lipschitz constant of X,y [N (B"xB™,d,&)|[<(3/(&/2))n*tm

Pick & = %, we have E||X|lop < Co(Vn + v/m) for some universal constant C > 0. |

Remark 8.13. || X]||op is a convex, 1-Lipschitz function of its entries. If the entries are bounded, e.g.,
X;j € [-Co,Co], or satisfy an LSI such as Ent(f(X;;)?) < Co?E[f"(X;;)?], then by previous lectures,
we have

P(IXlop = El| X|lop + 07t) < exp(—ct?), t>0,

for some constant ¢ > 0.
Alternatively, assuming only that X;; are o2-subgaussian, the above argument may be adjusted
into a union bound: Vt > 0,

P(IXllop = 2&[|Xlop + Co(Vn + Vm) + o1)
<P(3(u,v) € Ny X Ny : Xy = Co(Nn+Vm) +ot)

< (S) " exp (—%(C(\/ﬁ ) + r>2)

<|- - -—].
_(s) exp( 5 (n+m) 2)

Take & = %, the above implies that 3C > 0 such that

P(lIX1lop = Co(\n +Vm) + 201) < o122
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9 Chaining, Dudley’s Inequality, Moduli of Continuity

Readings: §5.3-5.4 in [vH14], §8.1-8.2 in [Ver1§].
Recall that {X;};e7, # C T is an e-convering of (T,d) if V¢ € T, 3n(z) € A such that d(z,7(¢)) < .
General strategy last time:

sup X; < sup Xz () +sup (X; — Xz(1))
teT teT teT
N———

) (I

(I) If each X; is o-2-subgaussian, then by maximal inequality,

Esup X, ;) = Esup Xy < v202log|/].
teT seN

(IT) If |X, — X,| < Ld(z,s) for all s,t € T, then

Esup (X; — Xr)) <e-E[L].
teT

Using a “worst-case” Lipschitz bound for (II) can be conservative, and often we want a bound via the
typical tail behavior of {X; — X (;)}.
Definition 9.1. A mean-zero process {X; };er is a o2-subgaussian process w.r.t. metric d if

202

2

E[e/l(Xt_Xs)] < exp( d(l‘, S)z) Vs,t € T, YA eR.

9.1 Chaining and Dudley’s inequality
The idea of chaining:
e Approximate sup,cy (X; — X (;)) by a further (finer) &’-net 4 so that for any t € T, 3n’(r) € N
satisfying d(¢,n’(¢)) < &’. Then

sup (X; — Xﬂ'(t)) < sup (Xn’(t) - Xﬂ'(t)) +sup (X; — Xﬂ"(t)) .
teT teT teT

For the former term, we bound it via subgaussianity of X,/ ;) — Xz ().
e Recursively apply this to the latter term.

Definition 9.2. {X;};cr is separable if there is a countable subset T,, C T such that almost surely, for
all # € T there exists {tx};., such that

Xy, — Xi, d(tg,1) = 0 as k — co.

In particular sup,c.r Xy = SUDseT, X;.

Theorem 9.3 (Dudley’s inequality). If {X;};cr is mean-zero, separable, o-2-subgaussian on (T,d),
then for a finite constant C > 0,

Esup X, < CO‘/ Vlog N(T,d, ) de .
0

teT

Note that we usually work with bounded T, so the upper bound of the integral is just diam(T) =
maxg et d(s,t). When & > diam(T), N(T,d,¢) =1 and so log N(T,d, &) = 0.

51



Proof. Suppose first that T is finite. Let gx = 27% for k € Z and Jj be the smallest gx-net of T. Let
k, K € Z such that /, is a single point {t,} and #x = T. These two numbers « and K exist because
IT| < oo and diam(T) < co. Let m(f) € M be a point such that d(¢, 7x(r)) < ex = 27%. Then by
telescoping the difference, we have

- X, = Z (X (0) = Xz 1 (0) -
k=k+1

Note that
d(me (1), mee1(2)) < d(m(0), 1) + d(t, me_1 (1)) < 27F 4+ 270k=1) = 3. 97K

By o2-subgaussianity of {X;};er on (T, d), we have VA > 0,

/12 2 /12 2 3. 2—k 2
E[et Xm0~ Xm_10)] < 7 d(me (1), mr-1(1))? < %.
Hence, we have
Esup X; = E[sup(X; — X;,)] since E[X;] =0,VteT
teT teT
K
= Z Elsup Xz (1) = Xmp_y (o) ]
k=x+1 €T
02(3-27%)2-subgaussian
K
< > V202(3-27%)2log (|4l - [#ial) by Corollary B3
k=k+1
K
< Z 60 - 275 \log | 45| since | Ni| = |1l
k=k+1
< Z 120 / Vog N(T, d, &x) de
k=k+1 (k+)
< Z 120'/ Vlog N(T,d, &) de
k=k+1 (k+1)

IA

120 / Vlog N(T,d, e) de.
0

If T has infinite cardinality, then let T,, = {t1, 2,13, ...} be a countable set from separability. Then,

Esup X; = Esup X;
teT teT,

= E Sup (Xz - in)
teT,

=Elim sup (X;-X1)

and then apply the result for each finite set {f1,...,}. O

Example 9.4. Zy,...,Z, are iid on [0,1]. Let & = {f : [0,1] — R, 1-Lipschitz, f(0) = 0}. Also let
Xp= % 2ie1 (f(Z)-E[f(Z)]) and W = sup e X¢. From lecture 8 we know that N(F, ||-[|e, &) < cle,
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1Xr — Xg| < 2|If - gllo, and that logE[e¥f] < %, ie, Xy is %-Subgaussian for any f € &, which
implies

2
E[W] < inf {28 + \/— logN(Z, || - ||oo,s)} =n"1/3,
n

>0

However, this is not optimal. Instead, we can apply the idea of chaining to this problem.
By Hoeffding’s inequality,

22 2
E[e'*Xr~X)] < exp (2—||f —glli) = exp (2—d(f, g)2) :
n n

Hence, with fw-norm, {Xr} e is mean-zero, %—subgaussian on (Z,| - |lo). Therefore, we can apply
Dudley’s inequality (Theorem :

C o0
BIW] < & / VIog N(Z |- v ) de
vVn Jo
S£/2\/1/sdsxn_1/2.
vV Jo

This is the optimal bound up to a constant factor.

Example 9.5 (Gaussian width). Let T € R" be bounded and g ~ #(0,1). Let X, = g't for t € T, and
the Gaussian width of T is defined as w(T) := Esup,cr X;. This is a geometric measure of how large
T looks in a random Gaussian direction. By the Gaussian MGF, we have

T A2
B! )] = B[ (7] = exp (;nr - s||§) :

Hence, {X;}ter is 1-subgaussian w.r.t. d(¢,s) = ||t — s||o. By Dudley’s inequality,

w(T) = Esup X; < C/ ViIog N(T, || - I, &) de .
teT 0

Consider, for example, T := B" = {x € R" | |[x]l2 £ 1}. Then by proposition in lecture 8, we have:
Ve € (0,1), N(B™, || - [l2.&) < (2)", and = 1 when & > 1. Hence,

IA

1
w(B") = E|lgll2 < C./o \nlog(3/e)de < C'vn.

Remark 9.6. The same proof of Dudley’s inequality shows that

Esup X; < C/ Vlog N(T,d, g) de + 2E sup | Xy — X¢|
5

teT s,teT:d(s,t)<6

by running chaining down to the scale 27X ~ §. This is useful when +/log N(T,d, ) is not integrable
at 0.

Theorem 9.7 (Tail inequality). If {X;},er is separable, mean-zero, and o-2-subgaussian on (T,d),
then for universal constants C,C’ > 0, any f, € T, and any u > 0,

log N(T,d, &) de + diam(T) - u)] < Ce 12

PlsupX, > X, +C'o

diam(T)
teT (
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Proof. Suppose T has finite cardinality. Let & = 27% and /} be the smallest gx-net. Also, let J; = {t,}
and #x =T as before, and

K
sup (X, = Xp,) = > ( Xme(t) = Xmat6) )
reT k=k+1

02(3-27%)2_subgaussian

By subgaussianity and union bound, Vz € R,

B(sup (Xne (1) = X1 () > 30 - 275 (y/21og | Ml | Me-1] + 2))
te

S|l V-1l SU¥P(Xnk(t) ~ X 1 (1) > 30 - 2752 log | M || o1 | + 2)
te

1
| M| | Nie-1| exp (—5(\/2 log | M| Vi-1] + Z)z) by subgaussianity

<e 72

Now for any z+1,...,2K, We have

K
sup (X, = X,,) = > 30275 (v2log [#il| i1 ] + zk>)

P
teT k=k+1
union bound K k
Z P (Sup Xne(t) = X1 (1)) = 30 - 27K (/2 log | Ml | M1 | + Zk))
k=k+1 teT
K
< Z exp(—zz/2).
k=k+1

Now, set zx = u + Vk — k. We have

K
Z 302 - 27K (\/21og ||| Hie-1] + zx)

k=k+1
K K K
< > 602 logl Ml + > B0 27Fu+ Y 3027V -«
k=k+1 k=k+1 k=k+1
diam(T)
<120 Viog N(T,d,e)de + Co2 ¥ u + Co2™ by previous proof and geometric series
0

diam(T)
<C'c (/ Vlog N(T,d, ) de + diam(T) u) )
0

The last inequality holds because of the following argument. Choose k € Z to be the largest integer such
that 27% > diam(T). Then 2~ **1) < diam(T) & 27% < 2diam(T). Also note that N(T,d, 2~ (**2)) > 2,
so274<C Zf:,ﬁ_l 27%\/log | #%|. Hence, the third term can be absorbed into the first. Moreover,

K K
2 2 2
E e—zk/Q < E e ! /2—(k—k)/2 < Ce™ /2 )
k=k+1 k=k+1

Therefore,

Psup (X; - X;,) > C'o < Ce /2,

diam(T)
teT (

Vlog N(T, d, &) + diam(T) - u)
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If T has infinite cardinality, let T, = {t1,%2,...} be the countable set from separability, and apply
P(sup (X; — X;,) > x) =P(sup (X; — X;,) > x)
teT

teT,

=P U sup (X;—X;,)>x
k>1 te{ty,..., 1}

T lim P( sup  (X;—Xy) > x) <Ce™

k—eco \iein,... .t}

9.2 Modulus of continuity

X
Definition 9.8 (Modulus of continuity). A function w : (0, %) + (0, ) for which sup g
sier w(d(z,5))

a.s. is called a modulus-of-continuity for {X; }ser.

Theorem 9.9 (Modulus of continuity). Suppose {X;};cr is mean-zero, separable, o-2-subgaussian on
(T,d) with N(T,d, &) = (co/e)? for some cg,q > 0, Ye > 0. Set

5
w(6) 2/ Vlog N(T,d, g)de.
0
Then, for constants C,C’, ¢ > 0 depending on ¢, ¢, and diam(7T),
| X — X
Pl su >
crer w(d(1,5))

In particular, this sup is finite with probability 1, so w(+) is a modulus of continuity.

CO’(1+y))<C' Vy>0.

Example 9.10. Let {B;};c[0,1] be 1-dimensional Brownian motion. Then
/12
]E[e’l(Bt_B“‘)] = exp (5|t - s|) ,

which implies that {B;} is subgaussian w.r.t. d(z,s) = +/|t — s|. Hence, Ve € (0, 1),

N([0. 1.V Te) < =5
E

Applying the theorem above on modulus of continuity,
5 5
1
w(d) = / Vlog(1/g)2de =< / Vlog(1/g) de < 54[log 5
0 0

So, /|t — s|log ﬁ is a modulus-of-continuity for {B;};e[0,1]-

Proof of Theorem[9.9 Slice the product space T x T by values of d(z, s) for (¢,5s) € T x T.
Set ax =2 % diam(T) and oy = {(t,5) € T x T | d(t,s) < ax}.

P(sup&_x) P {sup sup ﬁZx
s,eer w(d(2, 5)) k>0 s,teT:d(t,5) e[ aper,ar] @(d(Z,5))

N |X; = X,
5o Boxl,,
o \srerid, s)e[ak+1 ap] @(d(2,5))

ZP( sup | X; — X5l Zx‘w(a’k+1))

%=0 s,teT:d(t,s) €| aps1,ak]

IA
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Apply chaining to X; s = X; — X, for (z,s) € 9y:
E[e/l(Xt,s_Xu,v)] = E[e/l(xt_Xu) . e/l(Xv_Xx)]

< VE[e2A(X—X) |E[ 24X —X5) ]

< VA2 o2 (Xi-Xu)2 /20402 02 (Xy - X,)? /2
= exp(A202d(r,u)? + 220%d(s,v)?) .
On the other hand, if (s,1), (u,v) € o, then
E[e/l(xt,s_ u,v)] — E[e/l(xz—xs)+/l(xu—xv)]

2 2 2,122 2
< E[e/l o2d(t,s)*+A1%o“d(u,v) ]

< exp(2/120'20z,%) .

Let d((z,5), (u,v)) = min(y/2d(t, u)? + 2d(v, 5)2, 2a). Then

2 2
E[e/l(Xr,s_Xu,v)] S eXp (/l o 2) ,
so X, is o2-subgaussian w.r.t. d. Equip &/ with d. Apply the tail version of Dudley’s inequality
(Theorem with X, ; = 0 and diam(y) < 4ag,

day ~
sup X5 >2C'o (/ V1og N(y,d, g) de + 4a/ku)
0

(t,s)edy

P < Ce 412 s (%)

If & is an e-net of (7,d), then 4 x A is a 2e-net of (T x T, d) because
d((, s), (z(1), 7(s))) < V2&2 + 262 < 2¢.

Hence, N(dy, d, 4¢) < NCXt(ﬂk,a, 2¢) < N(T,d, &)?, so (%) becomes

ag
sup X, >C'0o (/ Viog N(T,d, &) de + aku)
0

(t,s) ey

Let u = a% foak VIog N(T,d, g)de = aikw(a/k) by definition. Thus,

P < Ce /2

P( sup X, s >C"o(1+ y)w(ak)) < Ce™w/?

s, tedly

o wap) = [+ f(;:fl VIog N(T, d, ) de < 2w(@j41).
o u>yylogN(T,d,ar) 2 y,[log(52)7, and u > 5/log N(T,d, ) > ” ce % < dam(),

These two observations imply that

2 co g log2 2 2
]P’( sug X, —X;22C"0(1+ y)a)(a/k+1)) < Ce~ 7 max(log (). 555) ijn(Q‘y?, (CO/a’k)_%)
S, tedy
X 142 7’
=P supT o, )) >2C"oc(1+y) Zlen(2 (2 dlam(T)/co) 2 ) <C’e
S,te
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10 Empirical Processes, VC Dimension

Readings: §7.1-7.2 in [vH14], §8.3-8.4 in [Ver1§].

10.1 Empirical process

X1,...,X, are iid random variables on 2. % is a class of functions f : & +— R. The associated
empirical process is

= N FX) B, Ve
i=1

Example 10.1. Let & = [0,1] and & = {f : [0,1] — R | fis L — Lipschitz, f(0) = 0}. Then
W =supses Zr is 1-Wasserstein distance between Ly, 67 and law of Z.
Example 10.2. (Glivenko-Cantelli ULLN) Let & =R and % = {1 (_w,] | t € R}. Define

1 n
Zs=— T¢x. -P(X; <t
f n; (x;<ty —P(X1 <t)

= Fu() = F(t) 5 0
as n — oo for each fixed f € & by LLN, where F,, is the empirical CDF and F is the CDF.

P
By Glivenko-Cantelli’s ULLN, supscg [Z¢| — 0 as n — oo.
Question: how to bound the expectation / tail of sup reg |Z5|?

Example 10.3 (Classification risk). Let (X1,Y1),..., (X, Yy) be iid, where X; € & and ¥; € {0,1}. F
is the class of classifiers that maps 2 to {0, 1}.

e Empirical risk: R, (f) = %2?21 Lifrx)2v}-
e True (test) risk: R(f) = B(f(X) #¥) = B(F(X)) # Y;), Vi.
Question: how to bound supscg |R,(f) — R(f)|?

Note: these function classes are not continuous, do not have finite covers in || - ||. For example,
for any finite set #° C F = {1(—wo,] | t € R}, there exists f € F such that minge s || f — gl|lc = 1, which
implies that for any € < 1, N(Z, | * ||co» &) = 0
Lemma 10.4 (Rademacher symmetrization). For any independent random variables Xi, ..., X, and
function class &,

E sup Z F(Xi) —E[f(X1)] < 2B sup Z &if (X)),

feF iz feF 4
where €1,...,&, iid Rademacher(«1) independent of X1,...,X,.

Proof. Let X{,..., X, be independent copies of Xi, ..., X,.
Esup Y (f(X;) —B[f(X)]) = Ex sup Ex: ) (f(X)) = f(X)))
feFia feF =
= Ex.x sup Z(f(xa ~ (X))
=Brve sup ) Z ei(f(X0) = F(X]))

n n
<Esup Z &if (X)) + Esup ) (=& f(X[) = 2Esup )" & f(X,),
feF im1 feF im1 feF i=1
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where we know that {f(X;) — f(X/)}res and {&;(f(X;) — f(X]))} res have the same distribution. O

The idea is to bound E, sup fe % %sif(Xi) =B Supfeg Zf conditioned on any fixed (X1,...,X,) € I™.
Note that conditioned on (X1,...,X,),

n

Zy-Zo= 1 Y el FX0) - g(X0)

i=1

is n—12 2 (f(X) - g(X;))?-subgaussian, i.e., {Zf}fegt is %—Subgaussian w.r.t.

d(f.g) =IIf - glle2e,) = J%Z(f(xi) -g(Xi))?.
i-1

By Dudley’s theorem,

. 1 00
Egxsup Zy < —EX/ \/logN(.?, Il lle2e,).€) de. (10.1)
feF \n 0
Covering # at only n points X1, ..., X, is easier than covering on all &. For example, for # = {1 (_co ] |

t € R}, then 34 C F of n+ 1 functions such that Vf € &, 3n(f) € A such that [|f — 7 (f)llL2p,) = 0.
This is because although there are infinitely many functions in %, on a fixed sample of size n, it
induces only n + 1 distinct labelings. To be specific, let f;(x) := 1{x<;}, we can choose

N ={fxay s Sxon Y {Sfx0 ) Xy :==Xa) - 1.

For each f;, € &, if we can find k for which Xy < t, < X(x+41), then f; agrees with Sxu, on all
sample points, so || fi, = fx, llL2p,) = 0; otherwise we either have 7, < X(g) or 7, > X(n). In the former
case, fi, = fx,, on all sample points; in the latter case, f;, = fx,, on all sample points. Hence, n +1
functions suffice to cover &.

In general, for any class & : & — {0, 1}, there are 2" possibilities for (f(Xy),...,f(X,)) for
any f € %, so there exists a net #/®' of 2" functions so that Vf € %, An(f) € #/* such that
f = 7(f)ll2e,) = 0.

10.2 VC dimension

Definition 10.5 (VC dimension). Let & be a class of functions f : 2 +— {0,1}. A set A C X is
shattered by { f|, | f € F} contains all 2/ possible functions A — {0,1}. The VC dimension is

VC(F) = sup [A].
ACZ shattered by F

Equivalently, let o be a class of subsets of . A C & is shattered by & if VS C A, there exists
A € of such that AN A =S.
Example 10.6. ¥ = {I(_,] | t € R} on R. Any singleton {x} is shattered. Any two points {x, y} are
not shattered. WLOG, x < y, then we cannot have f(x) =1 and f(y) =0, so VC(¥) = 1.

Example 10.7. % = {1{45] | a,b € R} on R. Any two points {x,y} are shattered. Any three
points {x, y,z} are not shattered. WLOG, we let x < y < z. We cannot have an f € & such that

f&x)=1,f() =0,f(z) =1, s0 VC(F) = 2.
Example 10.8. % = {indicators of closed half planes} on R%?. Three points in general position are
shattered, any 4 points are not shattered, so VC(%) = 3.
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Example 10.9. & = {x1,x2,x3}. Represent f : X + {0, 1} by binary strings. % = {001,010, 100, 111}
(number of x € & where f(x) = 1 is odd). The set {x1,x2} is shattered. The set {xi,x2,x3} is not
shattered, so VC(F) = 2.

Theorem 10.10. Let & : & +— {0, 1} and P be any probability measure on & . Define || f — g||
Ep(f(X) — g(X))2. Then for a universal constant C > 0 and any & > 0,

2
L2(P) —

CVC(F)
N(F, |- ll2@py. &) < (E)

Lemma 10.11 (Pajor). Suppose X is a finite set, and & is any class of functions f : 2 +— {0,1}.
Then
|#| < number of subsets of 2 shattered by & (including 0)

Proof. We prove by induction on |2'|. Base case: & = {x}. 0 is always shattered, so right hand side
> 1. If |#| =2i.e., F contains both an f for which f(x) =0 and another with f(x) = 1, then {x} also
shattered, so both LHS and RHS are 2. The lemma holds.

Inductive step: let & = 2y U {x} and suppose that the lemma holds for Xy. Let S(#) be the
number of sets shattered by F. Write

F={feFlfx)=00{feF]|fx)=1},

9:0 9:1

so |F| = |Fol + |F1] < S(F) + S(#1) by induction hypothesis applied to Zp. Consider two cases:

o If A C ) is shattered by exactly one of Fy and Fj, then trivially A is shattered by . So
whenever we have such A, it counts towards both S(Fy) + S(#1) and S(F).

o If A C 2y is shattered by both %, and %, then A is shattered by % trivially. In addition,
AU {x} is also shattered by %. This is because for labelings with x + 0, we use the functions in
Fo C F to shattered A U {x}, whereas for labelings with x — 1, we use functions in % C #.

Combining these two cases, we find that every subset A C 2 counted towards S(%y) + S(F1) corre-
sponds to a distinct subset to be shattered by &, which implies S(F) > S(Fy) + S(F1). m|

Corollary 10.12 (Sauer-Shelah). If | 2] = m and VC(F) = d, then |F| < 9 (7) < (4)*.
Proof. By Pajor’s Lemma,

|| < [number of shattered subsets of 2]

d

< [number of subsets of size at most VC(F) =d] = Z (m) .
; J
J=0

The second inequality is elementary. O

Proof of Theorem [10.10, By packing number upper bound for covering number,
N(Z, |l - ll2@). €) < D(F, | - llL2p). €) -
Let & be an e-packing with |2| = D(Z, || - llL2(p),€). Then for f,g € D with f # g,

& < |If = 8li?> ) = Be(f(X) - g(X))*.
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The idea is to apply a probabilistic method. Sample m points Xi,..., lflvd P. By Hoeffding’s

inequality, since |f(X) —g(X)| <1,

2

E 4
>
2

S 2e—cms

00 = g06))? ~ Be(F(0) ~ (0
i=1

for some universal constant ¢ > 0. By union bound,

P(3f¢g€9 Z(f(X)—g(X))Q—EP(f(X) g(X))*| 2

2

) 21021 =1) ,emet
Hence, for the complementary event,

P (Vf $3€D: ‘% 2 (F(X) = g(X0)® = Be(£(X) - g(X))?
i=1

2
< %) > 1 - |D[Zecme"

We are to select sample size m for which the probability on the RHS is bounded away from 0, e.g.,
we can choose m = Ce *log|P|. This shows in particular that with nontrivial probability over
(X1,...,.Xn) € X, every pair f # g € D satisfies

&2
<3

‘% D00 = g(X0)? = B (F(X) - g0
i=1

which, combined with || f - gll.2(p) = &, implies

1 & 1 & g2 &
— > (F(X)=g(X))” 2 Be(£(X)—g(X))’—|— > (f(X) = g(X)* = Be(f(X) —g(X))*| 2 £* -5 = .
mi mi3 22
This means that the functions f € 9 restricted to this set of realized values {Xi,...,X,,} are all

distinct. Let d,,, be the VC-dimension of & on {Xi,...,X,,}. By the previous corollary, we have

em\¥  (Ce41og | D[\
o< () = (2

m dm
Apply “E12L = log |9 |7im < ||
Ce*log |2\ ™ cr\ <
2| < (%g") < (2Cs™H 2] = |9 < (—)
m &
for some C’ > 0 large enough, i.e., C’ > 8 and C’C" > 4C2. Finally, note that

restricted to {X1,..., X}

dn < VC dimension of &
fF on T =VAUF).

< VC dimension o

O

Theorem 10.13. Let Xi,...,X,, €  beiid, F a class of functions & + {0, 1}. Then, for a universal
constant C > 0,

VC(F)
-

Esup |- Z(f(X) E[f(X)D|<C

feF |1
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Proof. Let & = {1 - f | f € #}. Then with universal constants C,C’,C"” > 0,

n

Boup |~ D £(X) —ELf (XD =B sup ~ 3 (X) —EL/(X)]

feF M3 feFug N
1
<2E;. x| sup Z f(X;)| by Lemma [10.4
fes;uaj n-<=
C T\ G
< Ex \/mgNu UZ, | l2,) ) de by Bq (101)
n
C
< \/mg(zzvu I lezce,)- €) de
C
< T / \/C’ VC(F) log— de by Theorem [I

<

aQ

&

n
Example 10.14 (Excess risk in classification). {(X;,Y;)}"", are iid and ¥; € {0, 1}.
e Optimal estimator in &: f, = argmingex R(f) = P(f(X;) #Y;).
e Empirical risk minimizer: f = arg mingeg Ry (f) = 5 Z?zl INFT AAR
How large is the excess risk R(f) - R(f)?
R(f) < Ru(f) + sup |Ru(f) = R(f)|
feF
< Ru(f:) + sup [Ra(f) — R(f)I
feF
< R(f.) +2sup [Ru(f) — R(S)I
feF

Let & = {f(x,y) = L{f(x)=y} | f € F}. Then with a universal constant C > 0,

B sup [Ru(f) = R()| = Esup |- Zaxl,m BL(X;.Y))
feF e

If / is an e-net of &, ie., Vf € F, An(f) € N such that

C /00
<E— log N(Z, || - lIL2(p,)» €) de -

) =R (AKD? = D UFXD) # 7(F) (K} < &2
i=1 i=1

then {1{g(x) # y} : g € #/} is an g-net of & because

n

LSV # Yk - Hr(H)(X) # VD2 = = Y 1{F(X) # 7()(X)} < &2,
n n

i=1

By Theorem [10.13] with universal constants C’,C” > 0,

c [ . NC(F
— Bowp [R,(/) - RO < B [ \fou N a2 de <
feF v Jo n

R C(F
BIR(f) - R(f)] < €| 2<F).
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11 Gaussian Processes, Gaussian Comparison Inequalities

Readings: §6.1-6.2 in [vH14], §7.1-7.4 in [Ver1§].

Definition 11.1. {X,},c7 is a Gaussian process if for any finite subset Ty € T, {X;};e7;, has multivariate
Gaussian law.

We will assume throughout that {X;} has mean-zero. Then X(-,-) is sufficient to specify the law
of {X;}ser, for any finite Ty C 7.
Goal: upper and lower bounds of sup,.y X; using additional Gaussian comparison inequalities.

11.1 Gaussian Comparison Inequalities

Theorem 11.2 (Sudakov-Fernique). If {X;};er and {Y;};er are both mean-zero, separable Gaussian
processes, such that E(X; — X;)? <E(Y; — Y)? for all s, € T. Then

Esup X; <EsupY;.
teT teT

Theorem 11.3 (Slepian). If, in addition, EX? = EY? for all t € T, then Vr € R,
P (supXt > T) <P (squt > T) .
teT teT

Example 11.4. Let X € R™" be iid standard Gaussian entries. We want to bound

E [||X||Op] =E sup t" Xu

teSn-1 yesm-1

Denote Xy, := 1" Xu. We compare it with Y; , :=¢"g + u"h, where g ~ #(0,1,) and h ~ N (0, ;) are
independent.

e For {X; .},
E(X;u — Xs0)? = E(tT Xu — 57 Xv)?
2
=E Z Xij(l‘il/tj - SiVj))
i
= Z(liuj - s,-vj)2 Xij’s are independent
iL,j

=||tu” - slelfV =2-2(s"t)(u"v)

e For {Y; .},

E(Yt,u - Ys,v)2 = E((t - S)Tg + (u - V)Th)2
=E((t-5)"8)* +E((u —v)"h)?
= It = sI® + |lu - v|?
=4-25"t—2u'"v

When we take the difference, we have

E(Y . —Ys)? —EB(Xiu— X)) =2(1—u"v)(1=5"1) > 0.
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Hence, by Sudakov-Fernique inequality

El|X|lop = E sup t"Xu

teSn-1 yesm-1

<E sup Yiu

tesSn-1 yesm-1

=E| sup t'g|+E

[reSn-1
= Elllgll2] + ELllAll2] < \Ellgl3 + ElIAl = Vi + Vi

We know from lecture 8: if X has iid 1-subgaussian entries, then the expected operator norm E||X|[op <
Vn + +/m.
To prove Sudakov-Fernique, we need the following lemmas on Gaussian integral by parts:

Lemma 11.5 (Stein). If X ~ #(0,%) in R", f : R" — R continuously differentiable, E|d; f] < oo, and
E|X; f(X)| < oo for any i € {1,...,n}, then

sup uTh]

uesSm-1

E[Xf(X)] = ZE[Vf(X)].
Note that when n =1 and £ = 1, we have the 1D Stein’s lemma EX f(X) = Ef’(X).

Proof. For n = 1. Suppose f is compactly supported. X ~ #7(0, 1).
501 = [ xf@gme s [ pwa= sl ol

For general f, we would take a (countable) sequence of compactly supported f (k) that converges to f
pointwise. Then we let kK — oo and apply DCT.
1
For general n and f, we write X = £2Z, where Z ~ 4 (0, I,).

BIXf(X)] =B |232f(242)|
==} (Blzir (2} 2))
( [0z, f(Z2Z)) B by case for n =1

(E[eiTZEVf(Z‘,?Z)]);
E[Vf(X)].

wh—t

Nl

z
2z
O

Lemma 11.6 (Gaussian Interpolation). Let X ~ 4 (0,2%) and Y € #(0,XY) are independent random
vectors in R"™. Let f : R" > R be twice continuously differentiable. Define

Z(u) == VuX + V1 —-uY, Vuel0,1].

Then
TELF(Zw)] = Z (=X - ZE[6E £ (Z(w))].

1<i,j<n
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Proof.

d n
[f(Z(u))] = E[ (Z(u))—Z(u)]
_V'g [a f<z<u>)( ! y)]
L CoTou
=3 L TBIXOF(Z)] - Y e B, £ (Z(u)]
= 2Vu gt 2«/1 —u
= 2. ﬁeiTZXE[VXE)if(Z(u))] - ; 2meiTZYE[VY6[~f(Z(u))] by Lemma [T1.5
= 3% gers¥ (Bags )] - 3 gers (Bags )
- %1 > (5~ XEIGE(ZG0)].
<i,j<n
O
Proof of Theorem[11.4. Suppose first that T is finite and |T| = n. Identify {X;},er as X, ..., X, and

{Yi}ier as Yi,..., Y,. Fix any g > 0 and consider fz : R" — R defined as:

n

fo(2) = 1og (Z sl

i=1

By definition, we can observe that as 8 T +o0, it picks out the maximum entry of z. Here,

Bzi Bzi Bzi LBz
0fs(D) = 5 = i), S fp(2) = iy~ L = B0~ Bi(DIp ).
Bk Bk Bk
By Lemma [11.6
LBl fp(zw)] = <Z (= - SHBI fs(Z(w)]

n

(X - TDE[p:(Z(w) (1 - pi(Z(u)))]
i=1

b D = SRl 2 2w

Mlh

o |

_B

Z(ZX ZY 25. + Zg-)E[pi(Z(u))Pj(Z(”))] since 1 — p; = ZP./
2. Jj#i

o |

_P X+ 2% - 5F - =) 25X + 251)E[pi(Z(w)p,;(Z(w))] by symmetrization
i%]

Z E[(Xi - X;)?] = B[(Yi = Y))*] [E[pi(Z(w))p;(Z(u)] <0, Vu € (0,1),

<0 >0
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which implies
E[fs(X)] = Elfg(Z(1)] < E[fp(Z(0))] = E[fg(Y)]. (11.1)
Note that by definition of fg, we have:

1 n
fp(2) = E log (Z ﬁz‘) > Elog ePmaxisisnZi = max 7

T i<is<
i:l Isn

1 . logn
— . pBMmaxi<i<n Zi — .
f8(2) i log(n - e 5 + lrgas); Zi
Take 8 T 400 in Eq we have
E|max X;| <E | max Y;|. (11.2)
1<i<n 1<i<n

For |T| = co. By separability, 3t1,¢9,... € T such that

supX; = lim max X,
teT k—)OOIE{Il ..... [k}

and similarly for ¥;. Apply Eq for each fixed k and take k — oo. O

Proof of Theorem[I1.3 Suppose first that |T| = n is finite and identify {X;},er as Xi,...,X, and
{Y}rer as Yq,...,Y,. Approximate

n n
ﬂmaxlsign Zi<k = l—l I[Zi<k by fﬁ(z) = l—[ hﬁ(zl)’
i=1 i=1

where hg : R +— [0,1] is a decreasing smooth approximation to 1z,<x and hg(x) — 1l <k as § — oo.
Here,

0% f5(2) = Wy(zhyp(z)) | | hplzr) 20, Vi .
ke{i,j}

Also, by E[(X; — Xj)z] <E[(Y; - Yj)2] and E[X?] = E[Yz] we have
E[X:X;] = 2% > 2 = B[VY;].

Now we return to the previous proof, where

—E[fﬂ<2<u)> Z (=X - Z1)EI0} f5(Zw))],

1<l]<n
=0 i=j
For 1 <i,j < n, we know that ZX ZY i ]‘,so
>0 1 # ]

E[fs(X)] = El/fp(Z(1))] 2 E[fp(Z(0))] = E[fp(Y)].
Let B T +00, we conclude that V7 € R,

P(max X; <7)2P(max ¥; < 7) & P(max X; > 1) <P(max ¥; > 7).
1<i<n 1<i<n 1<i<n 1<i<n
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11.2 Gaussian Process Lower Bounds

Definition 11.7. The canonical metric (or natural distance) associated to a mean-zero Gaussian
process {X;}er is

[N

d(t.s) = (B[(X, - %)% .
Remarks:

1. E[lexp(A(X; - X,))] = exp(/lz—2 [(X; - X,)?]) = exp(’l;d(t, $)2), so {X;}ser is always 1-subgaussian
in this metric.

2. Consider X, = g't for g ~ #(0,1,), where T C R". Then
d(t,5)* = E[(X; - X,)*] = E[(g" (1 — $))*] = ||t — sl]5.
So in this example, d(¢,s) = ||t — s]||2 is the Euclidean metric.

3. Let Xq,...,X, i p and F be a class of functions with Ex-p[f(X)] = 0,Vf € &. Define

renormalized empirical process
1 n
Zy=— ) f(X).
Vi &

As n — oo, the finite-dimensional marginals of {Z;} rcs will converge in distribution to a Gaus-
sian limit, with Z(f, g) = Ex-p[f(X)g(X)]. Then

d(f,8)? = E[(Z - Zg)’] = Ex-s[(f(X) = g(X))?],

ie., d(-,-) is the L?>(P) metric on %. By Dudley Theorem + 1.,

supXt] $/ Vlog N(T, d, g)de.
0

teT

E

Theorem 11.8 (Sudakov). Let {X;};er be a mean-zero, separable Gaussian process, d(t, s) its canon-
ical metric. Then for a universal constant ¢ > 0,

> csup eylogN(T,d, ).

>0

E [sup X;
teT

Proof. Let @ be an e-packing of (T,d). Then E[sup,cr X;] = E[sup,cq X;]. Here, Vs #t € &, we have
E[(X, - Xs)?] = d(t,5)* > £%.

Consider {Y;},e that consists of iid (0, &%/2). Then E[(Y; — Y;)?] = £26,;. By Theorem m

E >E > cevlog|9|.

sup X;
teP

sup Yy
tew

Take & be the maximal e-packing, we have
|D| =2 D(T,d,e) > N(T,d,e).
Thus, we have E[sup, <y X;] = ceylog N(T, d, €). We finish by taking supremum over & > 0. O

Example 11.9. Consider X; = g"t, where g ~ #(0,1,), T CR", and d(t,s) = ||t — s||2.
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1. Let T = B", the unit ball in R". Recall that (1/&)" < N(t,d, &) < (3/&)", we have

/ Vlog N(t,d, €)de = / \/nlog ;ds = /n.
0 0

Also,

1
sup eVlog N(T,d,g) < sup &y[nlog— =< Vn.

&>0 £€(0,1) 2

9. Consider T = | —%k . Here M(n) = fow Vlog N(T,d,e)de — o as n — oo (HW9).
v1+logk ), ,

Heuristically,
N(T,d,s) ~ |{k : 1/\logk > &}| = |{k : exp(1/&?) > k}| ~ exp(1/&?),

so eylog N(T,de) ~ & - /1/&%2 = 1. Also by HW9, sup,.r X; < 1. Hence, Sudakov is tight here
but Dudley is not.

Definition 11.10. A Gaussian process {X;};er is stationary is there is a group G acting on T s.t.

law

o Vg € G, {Xi}rer = {Xgthter.
e Vs,t €T, dg € G such that g-s=1.

Example 11.11. Let T = {u € R" | ||u||2 = 1} and G = {all rotations of T}. Then G is stationary if
2(t,s) depends only on spherical distance between ¢ and s.

Theorem 11.12 (Fernique). Let {X;};cr be a stationary, mean-zero, and separable Gaussian process.
Then for a universal constant ¢ > 0,

E [supXt] > c/ Viog N(T, d, £)de.
0

teT
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12 Generic Chaining, Majorizing Measures Theorem

Readings: §6.3-6.4 in [vH14], §8.5-8.6 in [Verl§)].
Recap: Let {X;};er be a mean-zero, separable Gaussian process, and d(z,s) = VE(X; — X;)? be the

canonical metric.
o If {X;}/er is stationary, then by Fernique’s theorem, Esup,.; X; 2 /000 Vlog N(T,d, &) de. Com-
bined with Dudley’s inequality, Esup,.r X; = /Ooo Vlog N(T, d, €) de.

e In general, we have

Sudakov Dudley
supeylogN(T,d,e) < EsupX / Vlog N(T,d, g) de.

>0 teT

e An example where bounds do not match is X; = g"r,g ~ A (0,1), and t € T = { .=

\/1+10g k k L

Goal: tighter characterization of Esup,.y X; when T is “inhomogeneous”, i.e., {X,} is non-stationary.
Definition 12.1 (Labeled net). Fix @ € (0,1). A labeled net (o, €) of (T,d) consists of

e An increasing sequence of partitions & = {Ar}rez such that of, = {T} for some x € Z, and
maxXjegq, diam(A) <2 - ok Vk e Z.

e An ordering 1,2, 3, ... of the children of each A € &f. Letting S1,...,S,, be the children of A, we
denote this ordering by £(S1) = 1,...,4(Sm) = m. See Fig[l]

J‘%K: ngi : JI{‘AH ; ; ‘AH*Z '

Figure 1: Example of an ordering of the children of each A € &

Additionally, let Ax(z) be the element of o/, containing ¢, and

y(M = inf o sup ) a*ylog €(Ak(1)

labeled nets («,€) t€T ]
Theorem 12.2 (Generic chaining upper bound). If {X; },er is separable, mean-zero, 1-subgaussian on

(T,d), then Ya € (0,1), 3C > 0 such that Esup,.r X; < Cy(T).

Theorem 12.3 (Majorizing measures lower bound). If, in addition, {X;},er is a Gaussian process and
d is the canonical metric, then for some constants ¢, @ > 0, Esup,cr X; = cy(T).

Corollary 12.4 (Talagrand’s comparison inequality). Let {X;};er,{Y:}ser be separable mean-zero
processes. {Y;}:er is Gaussian process with canonical metric d, {X;};e7 is subgaussian w.r.t. d, i.e.,

/12
log BetXi=%s) < SE(: - Y)?  Vs,teT,1>0.

Then for a universal constant C > 0,

EsupX; < CEsup¥;.
teT teT

Proof. Follows immediately from the previous two theorems. Note that This extends Sudakov-
Fernique’s theorem to subgaussian processes, up to constant factor. O
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12.1 Deferred proof of Fernique’s Theorem [11.12

Lemma 12.5. If {X;};cr is separable Gaussian process, then

sup X; — Esup X; is sup Var(X;)-subgaussian.

teT teT teT
Proof. By separability, it suffices to consider |T| = n. Write X = 2/2Z, where Z ~ #(0,1). Vi € [n],
X; = eiTZl/QZ is Lipschitz in Z with constant ||eiT21/2||2 = VZX;; = vy Var(X;). Therefore,

sup X; is [ sup Var(X;)-Lipschitz.
1<i<n 1<i<n

Apply Theorem we finish the proof. O

Theorem 12.6 (Super-Sudakov, Theorem 6.11 [vHI4]). Let {X;},er be a separable Gaussian process
and let @ be an e-packing of (T, d), then we have

Esup X; > cevlog |9 + miél E sup X,
SE

teT teB(s,a¢g)

where ¢ and a < % are universal constants and B(s,e) = {r € T | d(¢,s) < &}.

Proof of Theorem[11.13. The idea is to apply chaining and packing to construct multi-scale lower
bound. Fix any tg € T. Let B(t,e) = {s € T | d(s,t) < &} and B(e) = B(tg,e). Fix a € (0, %) and
consider Gy := Esup;ep (k) Xi- Let Dy be a maximal a**2-packing of B(a**!). Then we observe that
{B(s,a**3) | s € Dy} are disjoint balls contained in B(a*). See Fig

U [}

¢ (
 —
! to <o‘(""“/

*

B(oa")

Figure 2: Illustration of our construction.

G(k)=E sup X;=2Esup sup X;

teB(ak) SEDk teB(s,ak+3)
=Esup X+ sup (X;-—X;) define the latter as Y
SeDy teB(s,ak+3)
=E sup (X +Y; — E[Y,] + E[Y;])
se@k

By Super-Sudakov (Theorem ) and EX; = 0, we have Esup,cg, Xy > ca**2\/log |2x|. Moreover,
EYs = Esup,cp(s,ok+3) Xr = G(k + 3). Finally, by zero-mean assumption, we have

Var(X; — X,) = d(z, 5)% < (a**3)2,
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so Yy — BY; is (a**3)2-subgaussian by previous lemma, Vs € Dy, which, by maximal inequality, implies

E sup |Ys — E[Y]| < Ca**3log | Dy| .

SEDy
Combining the above, for a € (0, %) small enough and some ¢’ > 0,
G (k) > ca®*?log | Di| — Ca**3\log | Di| + G(k + 3)

= (¢ = Ca)a***log |Zi| + G(k +3)
> ' a**2/log N(B(**1), d, @**2) + G (k + 3) .

Summing over k, k + 1, k + 2 and iterating this bound,

G(k)+Gk+1)+G(k+2) 2 " c’al*?\log N(B(a/*),d,a/*?).
jzk

Pick k € Z such that a“*? > diam(T). This k exists because otherwise Esup,.; X; = o by Sudakov
lower bound, and so the theorem is trivial. Then we observe that

G(x),G(k+1),G(k+2) =EsupX;, and logN(B(a’),d,a’*) =0,Vj <«.

teT
Substituting into the above, we have
Esup X; > £ Z @/ log N(B(ad), d, ai+l).
teT 3 jez

Finally, apply Va — b < va — Vb for a > b > 0 and
N(T,d,a**") < N(T,d, ") - N(B(c¥), d, "),

Therefore,

c’ ~ N(T,d,a/*)
Esup X, > — » a/t'y[log——— -
rer 3;2 \/ &N, d, o)

- %Zaf+1\/logN(T, d, a/i*l) — % Za“l log N(T,d, a/)
JEZ JeZ
(1= . .
d-a) > @i log N(T.d. a’)
3 JEZ
:%Z(a""l—oﬂ') log N(T',d, a’)

JEZ

el / Viog N(T. d, &) ds .
0

vV

\%

3
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12.2 Proof of majorizing measures lower bound

Denote B(t,e) = {s € T | d(s,1) < €} and G(A) = Esup,c4 X;.
Lemma 12.7. Let {X;};cr be a separable, mean-zero Gaussian process, d be the canonical metric.

For some universal constants @, ¢ > 0, the following holds:
Let @ = {t1,...,t;,} be any e-packing of T, Ve > 0. Order tq,...,t, such that

G(B(t1,ae)) = ... = GB(ty,, ag)),
then Esup,cr = maxj<i<m {ca‘\/logi + G (B(t, as))}.
Proof. Since @ C T, we have

EsupX; > E max sup X;

teT 1Si§"t€B(t,~,as)
=E max X, +E max sup (X;-X;)=E max (X, +Y -EY; +EY;).
1<i<m 1Si§msEB(ti,as) 1<i<m

Yi
For the three terms, we observe that
o Emaxj<icm Xy, = csx/@ by lower bound in Sudakov’ theorem (Theorem .
e Emini<;<,n(Y; — E[Y;]) = —Cafsx/m since ¥; is a?g2-subgaussian.
® Mminj<;<;; BY; < minj <<, G(B(#;, ag)) by given condition.

Therefore, for a sufficiently small,

Esup X; > c’eylogm + G (B(t,, ag)) .
teT

The same argument applies to & = {t1,...,1;} for any 1 <i <m. We finish by taking max over i. O

Proof of Theorem [12.5 If N(T,d,&) = o for any & > 0, then Esup,c7 X; = o by the Sudakov lower
bound. If N(T,d, &) < oo, Ve > 0, then diam(T) < co. Construct the following labeled net (&, €):

Let k € Z be the smallest integer such that 2 - @* > diam(T). Take & = {T} for all k < « and
¢(T) = 1. Given A € dy, partition A into S1,..., S, € Hr+1 in the following manner (see Fig :

e Choose t; € A maximizing G(A NB(t1, @¥*?)). Set S1 = ANB(t1, ') and €(S;) = 1.

e Choose t; € A\ S; maximizing G(A NB(t2, a**?)). Set S5 = (A \ S1) NB(t2, F*!) and £(Ss) = 2.

A A AN A
Sy

666

Figure 3: Illustration of our construction.

e Continue in the above manner ...

et
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Here @ = {t1,...,t,} is an af*'-packing of A, so m < D(T,d,a**!) < co and
G(ANB(r1,a**?) > ... > G(ANB(ty, a**?)) .
By the previous lemma, we have
G(4) > max {cak”m +G(AN ]B(ti,ak+2))} .
We want to turn this relationship into a recursive bound. V¢ € S;, we have Ay (t) = A, A1 (2) = S;
diam(Az43(1)) < 2- 3 <a**2, Va € (0, %),
which, by definition of #;,
G(Ars3(1) < G(ANB(1,a**?) < G(ANB(t;,a**?)).
Hence, Vk € Z, ¥Vt € T, we have

G(Ar(1)) = ca**log L(Aks1(1)) + G (Aks3(1)) .

Using the same idea as in the proof of the Fernique lower bound, Vt € T,

Bsup X, = 3 (G(Au2(0) + G(Ar (1) + G(AL()

(o8]

25 D) o VoB Tk = § 3, iog (A = (7).
k=

keZ

12.3 Proof of generic chaining upper bound

Proof of Theorem[12.4. Suppose first that |T| < co. Let (&, €) be any labeled net. Denote k,K € Z
such that o/, = {T} and o/ = {all single points of T}. Take k < k < K. Let t4 € A be an arbitrary
point for each A € @y and mi(t) =14, (r). Recall that Vr € T, Ay (¢) is the set in &/ to which ¢ belongs
and is unique, and then t4, ;) is an arbitrary point from it. Further denote 79 = m,(#), which is an
arbitrary point from T because &/, = {T'}. See Fig

AH z {13 ' A}{r/ ' A)«z, '
o>
Figure 4: Illustration of our construction.

Idea: we use mi(t) to approach t. then ng(f) =t because {t} € &k. To continue with this idea:

- X, = Z (X () = Xm1 (1) and  d(mx (1), -1 (1)) < diam(Ag-1(1)) < 207"
k=k+1
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Since {X;};er is 1-subgaussian w.r.t. d, we conclude that X ;) — Xz, (1) 18 (2a%~1)2-subgaussian.

Pick any labeling U : & +— [1,00), Vx > 0,

2 2k-2 A 2
P (Xﬂk(t) - Xﬂk—l(l) > xa/k_l\/log U(Ak(l‘))) < exp (—x a 2(2Z%Z§2 k(t))) = U(Ak(f))_?

Define the event

Q- {x,rk(t) — X (1) < X0 log U(AR(D) | Vk =k +1,... K.t eT} .

X2
Then P(Q€) < ZE:KH Yaea, U(A)™8, and on Q,
sup(X; — Xy,) < —sup Z k\/log U(Ar(1)) s (k).
teT @ teT kert1

Intuition: set U(A) = €(A),VYA to get v(T) in (x). However, this choice is too small, e.g., if U = 1,
x2

then we don’t have something small for the probabilistic bound on Q¢ because 175 = 1. Instead, we

note that for any sequence uy41,Ug+2, . . ., setting Uy = H§:K+1 u; and use Va + b < +fa + Vb, U = 1:

Z ak\ﬂogUkS Z a/k\/loguk+ Z a*\logUp_y = Z ak\ﬂoguk+ Z o\ log Uy,

k=k+1 k=k+1 k=x+2 k=k+1 k=k+1

k

which implies Z a*log Uy < log uy,. define
k=k+1 k k+1
k
Uan = | | 204500
J=k+1
Then (%) becomes:
x o0
X, -X,) < ——— a*\log 2¢(A (1)) < C a*\log £(Ax(1))
f’lel?( 1= Xy) < c(l—a) ?E?kzk;,l 0g 20(Ar (1)) XSUszK;I 0g t(Ax(1))

— 1
£(S)2 Z_Z 2, so

This is because log €(A+1) = log 2 for some A1 € yy1. Also,

sechildren(A) i=1
k
1 1
. 2 = 2 5
Aez.:ssz i1 LA (4)) AEZQ;k L(A) Hl vy (tA))

same for all A w/ same parent in x_1

k=1 1

<2 Z HW—IA))QS“'SQIC_K.

Aedly_1 j:K+1

Now we revisit the bound for P(Q€) with x > 4 (so that x2/8 > 2). By definition of U, for U € /4,

k k , X
U = [ 264;00) = 2% ] ea,(0)) = v(a)™s =275 6 T

X2 :
j=x+1 j=k+1 j=x+1 (((Aj(2a)))S

1
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By plugging the above into the bound for P(Q¢), we have:

(9]

X2
PQ)< Y Y UMA)TE
k=k+1 Aegfl}
= s k 1
=2, @ ) || ———
k=r+1 Acdy j=x+1 (€(A[(ta)))S
0 2
< Z 92 (k) , gk«
k=k+1
i 22 (k—x) x2
< 27w\ < C.27T16
k=k+1

Thus

x2
sup(X; — Xy,) = C'x - supz a*log t(Ar(1) | <C-2775 .

teT teY‘keZ

P

Integrate this tail bound, and use that EX, = 0:

Esup X; = Esup(X; — Xy,)
teT teT

= / P(sup X; — Xy, = y)dy
0 teT

< C"sup Z a*\log €(Ax(1)) by change of variable.

teT keZ

Recall the definition of y(T). Take inf over all labeled nets (<, ¢), we have Esup,.r X; < y(T). For
the case |T| = oo, by separability, Jt1,¢o,... € T such that

EsupX, = im E sup X, <limsupC”y({t1,...,tx}).

teT k—co te{t1,..., i} k—oo

If 7" € T, any labeled net (&/,€) of T restricted to a labeled net of 7’ implies y(T’) < y(T), so
Esup,er X¢ < C"y(T). O
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13 Matrix Deviations, Random Projections, Dvoretsky-Milman The-
orem

Readings: §8.7, §9.1-9.2, §11.1-11.3 in [Verl§].
Recall Talagrand’s comparison inequality (Corollary , which we restate here:

Theorem 13.1 (Talagrand’s comparison inequality). Let {X;};er,{Y;};rer be separable mean-zero
processes. {Y;};er is Gaussian process with canonical metric d, {X;};er is subgaussian w.r.t. d, i.e.,

/12
log EetXi=%s) < SE(: - Y2  Vs,teT,1>0.
Then for a universal constant C > 0,

EsupX; < CEsupY;.
teT teT

Starting from this theorem, we will derive several interesting results in high-dimensional probability,
statistics, and geometry.
13.1 Chevet’s inequality and matrix deviations

Theorem 13.2 (Chevet’s inequality). Let X € R™™ have independent, mean-zero, o2-subgaussian
entries. Then for any S C R*, T C R™,

E sup u'Xv < Co(w(S)rad(T) +w(T)rad(S)),

ueS,veT

where:
w(T) = Eg~r(0,1) SUP g't is the Gaussian width
teT
rad(T) = sup ||t]]2 is the radius
teT

Proof. Denote X,,, := u'Xv. Then X, — X,,, = iy Xij(uiv; —wizj) is 72-subgaussian for

T2

o luv” - w2 ||
2
o (I =wp e +llw(v = 2)"lF)
2 2
o (lu—wliz - Ivllz + llv = zll2 - [[wll2)

< 202 (rad(T)?||u — w||3 + rad(S)?||v - z||3)

IA

Consider the process Y, = V202(g"u-rad(T) + h"v - rad(S)), where g ~ #(0,1,) and h ~ ¥ (0, 1,,) are
independent. Then
E(Y, — sz)2 =E [(rad(T)(u -w) g +rad(S)(v - Z)Th)Q]
=202 (rad(T)?||lu — wl|3 + rad(S)?|lv - z||3) .

Therefore, by Talagrand’s comparison inequality (Theorem [13.1)),

E sup u'Xv<C-E sup Y,

ueS,veT ueS,veT

< C'oE[rad(T)supu'g + rad(S) supv'h]
ues

veT

= C’o(rad(T)w(S) + rad(S)w(T)).
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Example 13.3. If § = B" (unit ball in £3), then w(S) = E[||g|l2] < vn and rad(S) = 1. This recovers
E[lIXlop] < C(+n + +/m) from lecture 7.

Example 13.4. If § = %[—1, 1]™ (rescaled unit ball in £), then rad(S) = 1 and w(S) = \/LEEHng = 4/n.

So we have
E sup u' Xv < C(Vn++vm).
ue%[—l,l]”,ve\%[—l,l]”
This is the same bound as for B”".
Example 13.5.If § = {r € R" | |lz]l; < 1} (unit ball in £;). Then w(S) = E|lglle = 4logn and
rad(S) = 1. So we have

E sup u'Xv < C(vn++m).

w,villully, vl <1

Lemma 13.6 (Matrix deviation inequality). Let X € R™™ have independent, mean-zero, isotropic
o?-subgaussian rows (i.e., EX;X;'] = I and u"X; is o?-subgaussian for all unit vectors u € R").Then
for any T € R™ containing 0,

Esup ||| Xull2 — E[||Xull2]| < Co?® - w(T).

ueT

Proof. Define X, := || Xu|l2 — E[||Xul|2]. We claim that
1 X — Xy, SC0'2||u—v||%, Yu,v € R" (%)
Now we assume that (%) holds. Let Xy = 0.

Esup |X,| = Esup [max(X,,0) + max(-X,,0)]

ueT ueT
<Esup X, + Esup —-X,
ueT ueT

Define Y, = u"g for u € T, where g ~ #(0,1,). Then E[(Y, - Y,)?] = E((u —v)"g)? = |lu - v||3. By
Talagrand’s comparison inequality (Theorem [13.1]),

Esup X, < Co’E sup Y,

ueT ueT

Esup -X, < Co’E sup —Y,

ueT ueT

= Esup |X,| < 2Co*EsupY, = 2Co? - w(T)

ueT uel

It remains to show that (%) holds. We divide into the following two cases:
(1) Suppose first that |lulz = ||v|l2 = 1. Note that
I Xull3 ~ 11Xv]I3
llu = vll2
<P(I1Z] = svn) +P([| Xull2 < Vn/2) + P(||Xvl2 < Vn/2)
0y (I1)

1Z] = > s(l1 Xull2 + | XvIl2)

Xull2 - ||X
(III ull2 = [|Xv]l2] >S):P
[l = vll2

e Xu has mean-zero, variance 1, o-2-subgaussian entries. By Lecture 2 (Proposition [2.16)),

a?  r=vn/2

P(||[Xullz — Vi| = 1) < 2”1 == P(|Xullz < Vi/2) < 2¢ 207 .

Similarly for || Xv||2. So, (IT) < de 307,
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2 2
(X[ w)?=(X] v)
Ta=vT

e By definition, we can decompose Z into Z = ), Z; with Z; = Note that

T(u—-v)-XT
BZ; =0, and write Z; = *-C Rl

, by Proposition [2.15 Z; is sub-exponential with

1 Ciollu =vll2 - Coollu+vll2 _
1Zilly; < 71X (=) llyy - 1X ()], < <C'o”.
[l =iz llu = vl2
By Bernstein’s inequality (Theorem ,
0 < N S W R e
< 2exp [—cmin , =2exp|—c'min|—,—]] .
p n(C'a2)2’ Co? p o4 o2
2
Since 02 > 1, if s < 2+/n, then ss\éﬁ/ao; > S\F > % > % Hence,
C,Sz CNS2
(I) <2e 207 = (I) + (II) < 6e” oF
If s > 24/n, we directly study
I Xull2 = I XVil2] ) < (H u—v )
llu = vll2 B ||M—V||2
652
ol e
llu — V||2 5
Therefore, % is Co*-subgaussian, i.e.,
1Xu = Xolly, < CllIXullz = 1Xvll2lly, < C'o?llu=vls.
(2) For general u,v € R™, assume that WLOG, |ju|l2 =1 and ||v|l2 > 1. Let v = HVV”2. Since || - ||y, is
indeed a norm (Definition ,
”Xu - Xv”z/xz < ”Xu - Xﬁ”z//z + ||X\7 - Xv”lﬂz .
For the first term, || X, — X5ly, < Co?||u — ¥||2 by case (1) above. Since
1Xo = X0l = X5 = |Vll2X5] = IV = vll2] X5],
we have [|X; = Xylly, = IV = vll2lXslly, < Co?|IV = vll2. Then,
X = Xyllyy < Co(llu—=ll2 + [[7 = vll2)
< Co?(flu = vl +2[7 = vll2)
<3Co|u—vl2,
where the last inequality uses
. lluell2 lluell2
v —vlla = —v|| < =1l = [llullz = lIvil2] < llu = vz
Ivil2 Ivil2
By combining cases (1) and (2), we finish the proof for (x). i
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Remark 13.7. e We can replace E||Xu||2 by vn|lull2. This is because by Jensen’s inequality, we
have E||Xulls < vn||lull2, which implies

ct
o

2
P(|IXull2 = Vnllullz > tllull2) <P Xull2 - EllXullz > tllull2) < 2e” o

and further implies E||Xulls € vnllullo + Co?|lullz and since gTu ~ A (0, [|ull3), Elg u| = \/gHqu,

sup Co?|ulls < sup C'o®El|gTu| < C'o*Esup g u| = C'o*w(T) .

ueTl ueT ueT
e If 7 C B™ (unit ball in £3), then w(T) < 4/m. This bounds the singular valuesof X.

B sup [IXullo ~ Vi| = Esup I Xulls = Vallll| < Co®in.
ue

ueR":||lull2=1

This means that smin(X), Smax(X) € Vi £ Op(\/m).
Theorem 13.8 (Low-rank covariance estimation). Let X1, ..., X, € R™ be iid with EX; = 0, Cov(X;) =

Y € R™" and Z‘%Xl- is o2-subgaussian. Let 3= % 1 Xi X" be the sample covariance estimate of
X. For any ¢ > 0, there exists C(d) > 0 such that

- ror
2| I£ - Zllop > C(8)or! (\F+ =) Zlen < 6.
where r = Tr(2)/||Z||op is the “stable rank” of X.
1 B Zir B
Proof. Let Z; = 72 X;. Collect these Z;’s as rows of Z = : € R™™_ Then
-z
n
. (1 _+ 1
”2 - 2||0p =22 |-Z Z-1,]|%2?
n op
SN B 1
=sup v 22 |-Z Z—-1,]22v
veBm n
1
=suplu’ (—ZTZ - Im) u| let T = Z2BM
ueT n

1 2 2
= —sup |1 Zull3 - nllull3] .
n yer

By matrix deviation lemma and Markov’s inequality,

CO'ZW(T)) - Esup,cr |1 Zullz = Vallulla| 5
(5 - ’

P{sup|||Zul||l2 — Vnl||lu > =
u&"” ll2 = Vallull2| Co2w(T)/5

so with probability > 1 -6, Vu € T,
[1Zulla = Vallullz| < C(8)*w(T),
which further implies
1 1
- 1Zull3 = nllull3] = - 1 Zullz = Vnllullz| - [l Zullz + Vnllull2|

< %C(é)O'ZW(T) (C(5)O’2W(T) + 2\/ﬁ||u||2) .
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N

1 1 .
Here, w(T) = Esup,cr g"u = Bl|Ztgll> < (BIZEgl3)" = VIV and llull2 < 1212 lop < yEllop, s, still,

with probability > 1 -0,

1 1
~[1Zull3 = nllull3] < ~C(OT*VTFE (C(6)r*VTH(Z) + 2yAl[Zlop)

Tr2 Zllop TrZ
< C'(5)rtLZ 4 7 (6)0? IZllop Tr=
" n
- r p
<C(5)ot (_ + \/j) 1= lop -
n n

13.2 Random projections

Let X € R™™ have iid #(0, 1) entries. Consider P = \/LEX as a random projection from R to R". For
a given T C R™, what does the projected set PT look like?
Corollary 13.9. For any ¢ > 0, with probability > 1 -6,

c(s
1Pu=Pylls € i —vls = CDw),  vuver.
Nz

In particular, diam(PT) < diam(T) + %w(r).

Proof. Let S=T —T ={u—-v |u,v € T}. Then w(S) =Esup, ,cr g (u—v) <W(T)+w(-T) =2w(T).
By matrix deviation lemma and Markov inequality, let 6 > 0,

Cw(S)
P sup [[[P(u—v)ll2 = llu—vll2] >

u-ves 5\/%

6\/_ 1
—E X(u— - -
(s B X =) = V= v
on 1
< —Cw(S) =
cws) Vi
Hence, with probability > 1 -6,
Cw(S) _ C()
[1P(u=v)ll2 = llu—vll2| < —w(T).
Na
This shows the first statement. For the second,
C(o 0
diam(PT) = sup ||Pu— Pv||a < sup |lu—v]|2+ QW(T) =diam(T) + Q w(T) .
u,veT u,veT \/_ \/_

O

2
Interpretation: diam(PT) has a phase transition. When diam(T) > %W(T), ie, n> %, we

have diam(PT) ~ diam(T), and P is a near-isometry:
||[Pu— Pv|l2 = |lu—v|l2 +o(diamT) Yu,veT.

w(T)?

Giam (72 is called the stable dimension of T.

Here
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If T is finite, then by the maximal of Gaussian (Exercise 2.5.10 in [Ver1§]),
w(T) =Esupg't < Clog|T| - diam(T),
teT

so the above holds as long as n > log|T|, recovering the condition of the Johnson-Lindenstrauss
Theorem (Theorem [2.17)) from lecture 2.
In the complementary regime diam(T) <« —=w(T), the following theorem shows that PT looks

vn
instead like a Euclidean ball in R”.

Theorem 13.10 (Dvoretsky-Milman). Suppose T contains 0, let conv(PT) be the convex hull of PT,
and BY be the unit ball in R". Then with probability > 1 - ¢,

r_Bj C conv(PT) C r,Bj,
where ry = \/AEW(T) + C(6) diam(T).

Proof. The claim that r_BY C conv(PT) C r,Bj is equivalent to:

ro<sup x'u<r,, Yu e "1,
xePT
Consider
Z:= sup |sup x'u—E sup x'u
uesSn-1 [xePT xePT
1 1
=—sup |supy' X u—-Esupy' X ul:= — sup |Xy|.
\/ﬁ ueBl |yeT yeT \/ﬁ ueBy
We claim that
1 Xy — Xy lly, < C -diam(T)||lu - v||2 Yu,v € B" (a)

Assume that (a) holds. Let Y, = u"g for u € B} and g ~ /#(0,1,). Then by subgaussian comparison
theorem (Theorem [13.1)),

E sup |X,| < E sup X, + E sup —X,,

ueBn ueBn ueBn
< 2C diam(T)E sup Y,
ueBn

< C’'vndiam(T).

Then by the same argument as in the matrix deviation inequality (Theorem |13.6)), with probability
>1-6,

1
Z = — sup | Xy| < C(6) diam(T) .
\/ﬁueB”

For every u € S"~!, we have

1 1
Esup x'u=—supy' X 'u=—w(T).
n

xePT Vi yer \n

Hence, Z < C(6) diam(T) implies r_ < sup,cprx'u < ry as desired.
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It remains to show (a). Let f(x) = supycr y"x. Note that X > yT(a+X7b) is ||y|l2- ||b]|2-Lipschitz,
so X +— f(a+ X"b) is diam(T)||b||2-Lipschitz. The same holds for X + f(a — X"b). By Gaussian
concentration,

If(a+X"b)—Ef(a+X"b)lly, < Cdiam(T) - bl
If(a=XTb) = Ef(a=-XTb)lly, < Cdiam(T) - [|b]]>.

Here Ef(a+ X"h) = Ef(a — X"h), so by triangular inequality,
If(a+XTb)~ f(a—X"b)lly, < C"diam(T) - [|b]|2.

Take b = “5¥ and a = X*3*. Since X has mean-zero Gaussian entries, a is independent of Xb because
(u+v,u—v) =0. This shows that

IF(XTu) = F(XTV)ly, < C”diam(T)]lu = v|l2

conditioned on a, and hence also unconditionally, which is the claim (a). O
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